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Overview
• Introduction and motivation

• Structure-preserving FEM

• Applications

• Mantis.jl 
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Introduction and motivation
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Arakawa and Lamb grids
The equations and possible discretizations

<latexit sha1_base64="V7xRNF1Ypr8ec1ltqxOnX4cPKWA="></latexit>

@h

@t
+r · (hu) = 0

<latexit sha1_base64="LHI/XnP7ktPFf3Y3OxEvSEffgao="></latexit>

@u

@t
+ u ·ru+r (hg) = 0

65 4.1 Shallow Water Equations of Motion

Fig. 4.2: The mass budget
for a column of area 𝐴 in a
flat-bottomed shallow water
system. The fluid leaving the
column is ∮𝜌ℎ𝒖 ⋅ 𝒏 d𝑙 where𝒏 is the unit vector normal
to the boundary of the fluid
column. There is a non-zero
vertical velocity at the top
of the column if the mass
convergence into the column
is non-zero.

In the presence of rotation, (4.6) easily generalizes to

D𝒖
D𝑡 + 𝒇 × 𝒖 = −𝑔∇𝜂, (4.7)

where 𝒇 = 𝑓𝐤̂. Just as with the fully three-dimensional equations, 𝑓may
be constant or may vary with latitude, so that on a spherical planet 𝑓 =2𝛺 sin 𝜗 and on the 𝛽-plane 𝑓 = 𝑓0 + 𝛽𝑦.
4.1.2 Mass Continuity Equation

The mass contained in a fluid column of height ℎ and cross-sectional area𝐴 is given by ∫𝐴 𝜌0ℎ d𝑨 (see Fig. 4.2). If there is a net flux of fluid across
the column boundary (by advection) then this must be balanced by a net
increase in the mass in𝐴, and therefore a net increase in the height of the
water column. The mass convergence into the column is given by𝐹𝑚 = mass flux in = −∫𝑆 𝜌0𝒖 ⋅ d𝑺, (4.8)

where 𝑆 is the area of the vertical boundary of the column. The surface
area of the column is composed of elements of area ℎ𝒏 𝛿𝑙, where 𝛿𝑙 is a line
element circumscribing the column and 𝒏 is a unit vector perpendicular
to the boundary, pointing outwards. Thus (4.8) becomes𝐹𝑚 = −∮𝜌0ℎ𝒖 ⋅ 𝒏 d𝑙. (4.9)

Using the divergence theorem in two dimensions, (4.9) simplifies to𝐹𝑚 = −∫𝐴 ∇ ⋅ (𝜌0𝒖ℎ) d𝐴, (4.10)

where the integral is over the cross-sectional area of the fluid column
(looking down from above). This is balanced by the local increase in
height of the water column, given by𝐹𝑚 = d

d𝑡 ∫ 𝜌0 d𝑉 = d
d𝑡 ∫𝐴 𝜌0ℎ d𝐴 = ∫𝐴 𝜌0 ∂ℎ∂𝑡 d𝐴. (4.11)

© G.K. Vallis

Studied the properties of the famous Arakawa grids

All finite differences but unknowns placed at different locations
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The equations and possible discretizations
<latexit sha1_base64="V7xRNF1Ypr8ec1ltqxOnX4cPKWA="></latexit>

@h

@t
+r · (hu) = 0

<latexit sha1_base64="LHI/XnP7ktPFf3Y3OxEvSEffgao="></latexit>

@u

@t
+ u ·ru+r (hg) = 0

Studied the properties of the famous Arakawa grids

B, C

A, D

Better

Worse

Dispersion relations

All finite differences but unknowns placed at different locations

Arakawa and Lamb grids

Quality of numerical 
results depends on 
placement of DOFs

Some perform 
better than others
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Arakawa and Lamb grids
The equations and possible discretizations
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Stokes and Navier-Stokes equations
It is not trivial to obtain adequate discretizations

Navier-Stokes (checkerboard pressure)

<latexit sha1_base64="1GdG7KTE7HB7n1WAJ+ftiN2rZFE=">AAACFXicbVBNT8IwGO7wC/EL9eilkZDghWzEqEcSLx4xcUACk3RdBw1du7SdCVn2GzyqP8ab8erZ3+LFDnYQ8EmaPHnej+ft48eMKm3b31ZpY3Nre6e8W9nbPzg8qh6fdJVIJCYuFkzIvo8UYZQTV1PNSD+WBEU+Iz1/epvXe09EKir4g57FxIvQmNOQYqSN5MaP6TQbVWt2054DrhOnIDVQoDOq/gwDgZOIcI0ZUmrg2LH2UiQ1xYxklWGiSIzwFI3JwFCOIqK8dH5sButGCWAopHlcw7n6dyJFkVKzyDedEdITtVrLxf9qg0SHN15KeZxowvHCKEwY1ALmP4cBlQRrNjMEYUnNrRBPkERYm3yWXPLdWgimMgjrcO4EGwE2MauLiknLWc1mnXRbTeeq6dxf1tqtIrcyOAPnoAEccA3a4A50gAswoOAZvII368V6tz6sz0VrySpmTsESrK9fLiueoQ==</latexit>

pk
<latexit sha1_base64="BjjHzgR121s0mLknhZwrvvL0P3g=">AAACF3icbVC7TsMwFHV4lvIqMLJYVJXKQJVUCBgrsTAWiT6kNlSO47RWHTuyHaQqykcwAh/DhlgZ+RYWnDQDbTmSpaNzH+f6eBGjStv2t7W2vrG5tV3aKe/u7R8cVo6Ou0rEEpMOFkzIvocUYZSTjqaakX4kCQo9Rnre9Dar956IVFTwBz2LiBuiMacBxUgbqRc9JtMLJx1VqnbDzgFXiVOQKijQHlV+hr7AcUi4xgwpNXDsSLsJkppiRtLyMFYkQniKxmRgKEchUW6Sn5vCmlF8GAhpHtcwV/9OJChUahZ6pjNEeqKWa5n4X20Q6+DGTSiPYk04nhsFMYNawOzv0KeSYM1mhiAsqbkV4gmSCGuT0IJLtlsLwVQKYQ3mTrDuYxO0Oi+btJzlbFZJt9lwrhrO/WW11SxyK4FTcAbqwAHXoAXuQBt0AAZT8AxewZv1Yr1bH9bnvHXNKmZOwAKsr18Z358T</latexit>

pk�1
<latexit sha1_base64="9ergc6PljPKQVZADGTe8rMxZWVY=">AAACF3icbVBNS8MwGE79nPNr6tFLcAwmwmiHqMeBF48T3AdsdaRpuoWlSUlSYZT+CI/qj/EmXj36W7yYdj24zQcCD8/78bx5vIhRpW3721pb39jc2i7tlHf39g8OK0fHXSViiUkHCyZk30OKMMpJR1PNSD+SBIUeIz1vepvVe09EKir4g55FxA3RmNOAYqSN1Isek+mFk44qVbth54CrxClIFRRojyo/Q1/gOCRcY4aUGjh2pN0ESU0xI2l5GCsSITxFYzIwlKOQKDfJz01hzSg+DIQ0j2uYq38nEhQqNQs90xkiPVHLtUz8rzaIdXDjJpRHsSYcz42CmEEtYPZ36FNJsGYzQxCW1NwK8QRJhLVJaMEl262FYCqFsAZzJ1j3sQlanZdNWs5yNquk22w4Vw3n/rLaaha5lcApOAN14IBr0AJ3oA06AIMpeAav4M16sd6tD+tz3rpmFTMnYAHW1y8WgZ8R</latexit>

pk+1

<latexit sha1_base64="QDDHGSRRG44WDE6jQn1/sEHiUPw=">AAACF3icbVBNS8MwGE79nPNr6tFLcAwmwmiHqMeBF48T3AdsdaRpuoWlSUlSYZT+CI/qj/EmXj36W7yYdj24zQcCD8/78bx5vIhRpW3721pb39jc2i7tlHf39g8OK0fHXSViiUkHCyZk30OKMMpJR1PNSD+SBIUeIz1vepvVe09EKir4g55FxA3RmNOAYqSN1Isfk+mFk44qVbth54CrxClIFRRojyo/Q1/gOCRcY4aUGjh2pN0ESU0xI2l5GCsSITxFYzIwlKOQKDfJz01hzSg+DIQ0j2uYq38nEhQqNQs90xkiPVHLtUz8rzaIdXDjJpRHsSYcz42CmEEtYPZ36FNJsGYzQxCW1NwK8QRJhLVJaMEl262FYCqFsAZzJ1j3sQlanZdNWs5yNquk22w4Vw3n/rLaaha5lcApOAN14IBr0AJ3oA06AIMpeAav4M16sd6tD+tz3rpmFTMnYAHW1y8fAJ8W</latexit>

uk+1
<latexit sha1_base64="rdWgOP2pVZsaR62P6arZRTRVg0k=">AAACFXicbVBNT8IwGO7wC/EL9eilkZDghWzEqEcSLx4xcUACk3RdBw1du7SdCVn2GzyqP8ab8erZ3+LFDnYQ8EmaPHnej+ft48eMKm3b31ZpY3Nre6e8W9nbPzg8qh6fdJVIJCYuFkzIvo8UYZQTV1PNSD+WBEU+Iz1/epvXe09EKir4g57FxIvQmNOQYqSN5CaP6TQbVWt2054DrhOnIDVQoDOq/gwDgZOIcI0ZUmrg2LH2UiQ1xYxklWGiSIzwFI3JwFCOIqK8dH5sButGCWAopHlcw7n6dyJFkVKzyDedEdITtVrLxf9qg0SHN15KeZxowvHCKEwY1ALmP4cBlQRrNjMEYUnNrRBPkERYm3yWXPLdWgimMgjrcO4EGwE2MauLiknLWc1mnXRbTeeq6dxf1tqtIrcyOAPnoAEccA3a4A50gAswoOAZvII368V6tz6sz0VrySpmTsESrK9fNqCepg==</latexit>

uk
<latexit sha1_base64="IOpHC6Jx4KDJQQZDihAOpRXzgfM=">AAACF3icbVC7TsMwFHV4lvIqMLJYVJXKQJVUCBgrsTAWiT6kNlSO47RWHTuyHaQqykcwAh/DhlgZ+RYWnDQDbTmSpaNzH+f6eBGjStv2t7W2vrG5tV3aKe/u7R8cVo6Ou0rEEpMOFkzIvocUYZSTjqaakX4kCQo9Rnre9Dar956IVFTwBz2LiBuiMacBxUgbqRc/JtMLJx1VqnbDzgFXiVOQKijQHlV+hr7AcUi4xgwpNXDsSLsJkppiRtLyMFYkQniKxmRgKEchUW6Sn5vCmlF8GAhpHtcwV/9OJChUahZ6pjNEeqKWa5n4X20Q6+DGTSiPYk04nhsFMYNawOzv0KeSYM1mhiAsqbkV4gmSCGuT0IJLtlsLwVQKYQ3mTrDuYxO0Oi+btJzlbFZJt9lwrhrO/WW11SxyK4FTcAbqwAHXoAXuQBt0AAZT8AxewZv1Yr1bH9bnvHXNKmZOwAKsr18iXp8Y</latexit>

uk�1

<latexit sha1_base64="i6frXH1Xy8QktRXXmj8euIrN8Fs="></latexit>(
�~u�rp = ~f

r · ~u = 0

Stokes flow

<latexit sha1_base64="L8rkpYsjFFo++9jthTFyQD0vGUY="></latexit>

→p ↑ Gp

<latexit sha1_base64="iTSuabW2ZtOqxb4EMid3375W3pE="></latexit>p

<latexit sha1_base64="wtLt+5tyY+9Wq2PYYwrsvMBXrs0="></latexit>

Gp = 0 <latexit sha1_base64="t5YwOX7mRRPaFSs/OGjE8hg5dwI="></latexit>

(Gp)k :=
pk+1 → pk→1

2!x
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Stokes and Navier-Stokes equations
It is not trivial to obtain adequate discretizations

Navier-Stokes (checkerboard pressure)

<latexit sha1_base64="i6frXH1Xy8QktRXXmj8euIrN8Fs="></latexit>(
�~u�rp = ~f

r · ~u = 0

Stokes flow
Algebraic system of equations

<latexit sha1_base64="1GdG7KTE7HB7n1WAJ+ftiN2rZFE=">AAACFXicbVBNT8IwGO7wC/EL9eilkZDghWzEqEcSLx4xcUACk3RdBw1du7SdCVn2GzyqP8ab8erZ3+LFDnYQ8EmaPHnej+ft48eMKm3b31ZpY3Nre6e8W9nbPzg8qh6fdJVIJCYuFkzIvo8UYZQTV1PNSD+WBEU+Iz1/epvXe09EKir4g57FxIvQmNOQYqSN5MaP6TQbVWt2054DrhOnIDVQoDOq/gwDgZOIcI0ZUmrg2LH2UiQ1xYxklWGiSIzwFI3JwFCOIqK8dH5sButGCWAopHlcw7n6dyJFkVKzyDedEdITtVrLxf9qg0SHN15KeZxowvHCKEwY1ALmP4cBlQRrNjMEYUnNrRBPkERYm3yWXPLdWgimMgjrcO4EGwE2MauLiknLWc1mnXRbTeeq6dxf1tqtIrcyOAPnoAEccA3a4A50gAswoOAZvII368V6tz6sz0VrySpmTsESrK9fLiueoQ==</latexit>

pk
<latexit sha1_base64="BjjHzgR121s0mLknhZwrvvL0P3g=">AAACF3icbVC7TsMwFHV4lvIqMLJYVJXKQJVUCBgrsTAWiT6kNlSO47RWHTuyHaQqykcwAh/DhlgZ+RYWnDQDbTmSpaNzH+f6eBGjStv2t7W2vrG5tV3aKe/u7R8cVo6Ou0rEEpMOFkzIvocUYZSTjqaakX4kCQo9Rnre9Dar956IVFTwBz2LiBuiMacBxUgbqRc9JtMLJx1VqnbDzgFXiVOQKijQHlV+hr7AcUi4xgwpNXDsSLsJkppiRtLyMFYkQniKxmRgKEchUW6Sn5vCmlF8GAhpHtcwV/9OJChUahZ6pjNEeqKWa5n4X20Q6+DGTSiPYk04nhsFMYNawOzv0KeSYM1mhiAsqbkV4gmSCGuT0IJLtlsLwVQKYQ3mTrDuYxO0Oi+btJzlbFZJt9lwrhrO/WW11SxyK4FTcAbqwAHXoAXuQBt0AAZT8AxewZv1Yr1bH9bnvHXNKmZOwAKsr18Z358T</latexit>

pk�1
<latexit sha1_base64="9ergc6PljPKQVZADGTe8rMxZWVY=">AAACF3icbVBNS8MwGE79nPNr6tFLcAwmwmiHqMeBF48T3AdsdaRpuoWlSUlSYZT+CI/qj/EmXj36W7yYdj24zQcCD8/78bx5vIhRpW3721pb39jc2i7tlHf39g8OK0fHXSViiUkHCyZk30OKMMpJR1PNSD+SBIUeIz1vepvVe09EKir4g55FxA3RmNOAYqSN1Isek+mFk44qVbth54CrxClIFRRojyo/Q1/gOCRcY4aUGjh2pN0ESU0xI2l5GCsSITxFYzIwlKOQKDfJz01hzSg+DIQ0j2uYq38nEhQqNQs90xkiPVHLtUz8rzaIdXDjJpRHsSYcz42CmEEtYPZ36FNJsGYzQxCW1NwK8QRJhLVJaMEl262FYCqFsAZzJ1j3sQlanZdNWs5yNquk22w4Vw3n/rLaaha5lcApOAN14IBr0AJ3oA06AIMpeAav4M16sd6tD+tz3rpmFTMnYAHW1y8WgZ8R</latexit>

pk+1

<latexit sha1_base64="QDDHGSRRG44WDE6jQn1/sEHiUPw=">AAACF3icbVBNS8MwGE79nPNr6tFLcAwmwmiHqMeBF48T3AdsdaRpuoWlSUlSYZT+CI/qj/EmXj36W7yYdj24zQcCD8/78bx5vIhRpW3721pb39jc2i7tlHf39g8OK0fHXSViiUkHCyZk30OKMMpJR1PNSD+SBIUeIz1vepvVe09EKir4g55FxA3RmNOAYqSN1Isfk+mFk44qVbth54CrxClIFRRojyo/Q1/gOCRcY4aUGjh2pN0ESU0xI2l5GCsSITxFYzIwlKOQKDfJz01hzSg+DIQ0j2uYq38nEhQqNQs90xkiPVHLtUz8rzaIdXDjJpRHsSYcz42CmEEtYPZ36FNJsGYzQxCW1NwK8QRJhLVJaMEl262FYCqFsAZzJ1j3sQlanZdNWs5yNquk22w4Vw3n/rLaaha5lcApOAN14IBr0AJ3oA06AIMpeAav4M16sd6tD+tz3rpmFTMnYAHW1y8fAJ8W</latexit>

uk+1
<latexit sha1_base64="rdWgOP2pVZsaR62P6arZRTRVg0k=">AAACFXicbVBNT8IwGO7wC/EL9eilkZDghWzEqEcSLx4xcUACk3RdBw1du7SdCVn2GzyqP8ab8erZ3+LFDnYQ8EmaPHnej+ft48eMKm3b31ZpY3Nre6e8W9nbPzg8qh6fdJVIJCYuFkzIvo8UYZQTV1PNSD+WBEU+Iz1/epvXe09EKir4g57FxIvQmNOQYqSN5CaP6TQbVWt2054DrhOnIDVQoDOq/gwDgZOIcI0ZUmrg2LH2UiQ1xYxklWGiSIzwFI3JwFCOIqK8dH5sButGCWAopHlcw7n6dyJFkVKzyDedEdITtVrLxf9qg0SHN15KeZxowvHCKEwY1ALmP4cBlQRrNjMEYUnNrRBPkERYm3yWXPLdWgimMgjrcO4EGwE2MauLiknLWc1mnXRbTeeq6dxf1tqtIrcyOAPnoAEccA3a4A50gAswoOAZvII368V6tz6sz0VrySpmTsESrK9fNqCepg==</latexit>

uk
<latexit sha1_base64="IOpHC6Jx4KDJQQZDihAOpRXzgfM=">AAACF3icbVC7TsMwFHV4lvIqMLJYVJXKQJVUCBgrsTAWiT6kNlSO47RWHTuyHaQqykcwAh/DhlgZ+RYWnDQDbTmSpaNzH+f6eBGjStv2t7W2vrG5tV3aKe/u7R8cVo6Ou0rEEpMOFkzIvocUYZSTjqaakX4kCQo9Rnre9Dar956IVFTwBz2LiBuiMacBxUgbqRc/JtMLJx1VqnbDzgFXiVOQKijQHlV+hr7AcUi4xgwpNXDsSLsJkppiRtLyMFYkQniKxmRgKEchUW6Sn5vCmlF8GAhpHtcwV/9OJChUahZ6pjNEeqKWa5n4X20Q6+DGTSiPYk04nhsFMYNawOzv0KeSYM1mhiAsqbkV4gmSCGuT0IJLtlsLwVQKYQ3mTrDuYxO0Oi+btJzlbFZJt9lwrhrO/WW11SxyK4FTcAbqwAHXoAXuQBt0AAZT8AxewZv1Yr1bH9bnvHXNKmZOwAKsr18iXp8Y</latexit>

uk�1

<latexit sha1_base64="L8rkpYsjFFo++9jthTFyQD0vGUY="></latexit>

→p ↑ Gp

<latexit sha1_base64="iTSuabW2ZtOqxb4EMid3375W3pE="></latexit>p

<latexit sha1_base64="wtLt+5tyY+9Wq2PYYwrsvMBXrs0="></latexit>

Gp = 0

<latexit sha1_base64="mPt7secggfqEhxGqhuEn3NW5A80="></latexit>[
A G
G↭ 0

] [
uh
ph

]
=

[
fh
0

]

<latexit sha1_base64="t5YwOX7mRRPaFSs/OGjE8hg5dwI="></latexit>

(Gp)k :=
pk+1 → pk→1

2!x
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Stokes and Navier-Stokes equations
It is not trivial to obtain adequate discretizations

Navier-Stokes (checkerboard pressure)

<latexit sha1_base64="i6frXH1Xy8QktRXXmj8euIrN8Fs="></latexit>(
�~u�rp = ~f

r · ~u = 0

Stokes flow
Algebraic system of equations

Schur complement

If System is singular

<latexit sha1_base64="1GdG7KTE7HB7n1WAJ+ftiN2rZFE=">AAACFXicbVBNT8IwGO7wC/EL9eilkZDghWzEqEcSLx4xcUACk3RdBw1du7SdCVn2GzyqP8ab8erZ3+LFDnYQ8EmaPHnej+ft48eMKm3b31ZpY3Nre6e8W9nbPzg8qh6fdJVIJCYuFkzIvo8UYZQTV1PNSD+WBEU+Iz1/epvXe09EKir4g57FxIvQmNOQYqSN5MaP6TQbVWt2054DrhOnIDVQoDOq/gwDgZOIcI0ZUmrg2LH2UiQ1xYxklWGiSIzwFI3JwFCOIqK8dH5sButGCWAopHlcw7n6dyJFkVKzyDedEdITtVrLxf9qg0SHN15KeZxowvHCKEwY1ALmP4cBlQRrNjMEYUnNrRBPkERYm3yWXPLdWgimMgjrcO4EGwE2MauLiknLWc1mnXRbTeeq6dxf1tqtIrcyOAPnoAEccA3a4A50gAswoOAZvII368V6tz6sz0VrySpmTsESrK9fLiueoQ==</latexit>

pk
<latexit sha1_base64="BjjHzgR121s0mLknhZwrvvL0P3g=">AAACF3icbVC7TsMwFHV4lvIqMLJYVJXKQJVUCBgrsTAWiT6kNlSO47RWHTuyHaQqykcwAh/DhlgZ+RYWnDQDbTmSpaNzH+f6eBGjStv2t7W2vrG5tV3aKe/u7R8cVo6Ou0rEEpMOFkzIvocUYZSTjqaakX4kCQo9Rnre9Dar956IVFTwBz2LiBuiMacBxUgbqRc9JtMLJx1VqnbDzgFXiVOQKijQHlV+hr7AcUi4xgwpNXDsSLsJkppiRtLyMFYkQniKxmRgKEchUW6Sn5vCmlF8GAhpHtcwV/9OJChUahZ6pjNEeqKWa5n4X20Q6+DGTSiPYk04nhsFMYNawOzv0KeSYM1mhiAsqbkV4gmSCGuT0IJLtlsLwVQKYQ3mTrDuYxO0Oi+btJzlbFZJt9lwrhrO/WW11SxyK4FTcAbqwAHXoAXuQBt0AAZT8AxewZv1Yr1bH9bnvHXNKmZOwAKsr18Z358T</latexit>

pk�1
<latexit sha1_base64="9ergc6PljPKQVZADGTe8rMxZWVY=">AAACF3icbVBNS8MwGE79nPNr6tFLcAwmwmiHqMeBF48T3AdsdaRpuoWlSUlSYZT+CI/qj/EmXj36W7yYdj24zQcCD8/78bx5vIhRpW3721pb39jc2i7tlHf39g8OK0fHXSViiUkHCyZk30OKMMpJR1PNSD+SBIUeIz1vepvVe09EKir4g55FxA3RmNOAYqSN1Isek+mFk44qVbth54CrxClIFRRojyo/Q1/gOCRcY4aUGjh2pN0ESU0xI2l5GCsSITxFYzIwlKOQKDfJz01hzSg+DIQ0j2uYq38nEhQqNQs90xkiPVHLtUz8rzaIdXDjJpRHsSYcz42CmEEtYPZ36FNJsGYzQxCW1NwK8QRJhLVJaMEl262FYCqFsAZzJ1j3sQlanZdNWs5yNquk22w4Vw3n/rLaaha5lcApOAN14IBr0AJ3oA06AIMpeAav4M16sd6tD+tz3rpmFTMnYAHW1y8WgZ8R</latexit>

pk+1

<latexit sha1_base64="QDDHGSRRG44WDE6jQn1/sEHiUPw=">AAACF3icbVBNS8MwGE79nPNr6tFLcAwmwmiHqMeBF48T3AdsdaRpuoWlSUlSYZT+CI/qj/EmXj36W7yYdj24zQcCD8/78bx5vIhRpW3721pb39jc2i7tlHf39g8OK0fHXSViiUkHCyZk30OKMMpJR1PNSD+SBIUeIz1vepvVe09EKir4g55FxA3RmNOAYqSN1Isfk+mFk44qVbth54CrxClIFRRojyo/Q1/gOCRcY4aUGjh2pN0ESU0xI2l5GCsSITxFYzIwlKOQKDfJz01hzSg+DIQ0j2uYq38nEhQqNQs90xkiPVHLtUz8rzaIdXDjJpRHsSYcz42CmEEtYPZ36FNJsGYzQxCW1NwK8QRJhLVJaMEl262FYCqFsAZzJ1j3sQlanZdNWs5yNquk22w4Vw3n/rLaaha5lcApOAN14IBr0AJ3oA06AIMpeAav4M16sd6tD+tz3rpmFTMnYAHW1y8fAJ8W</latexit>

uk+1
<latexit sha1_base64="rdWgOP2pVZsaR62P6arZRTRVg0k=">AAACFXicbVBNT8IwGO7wC/EL9eilkZDghWzEqEcSLx4xcUACk3RdBw1du7SdCVn2GzyqP8ab8erZ3+LFDnYQ8EmaPHnej+ft48eMKm3b31ZpY3Nre6e8W9nbPzg8qh6fdJVIJCYuFkzIvo8UYZQTV1PNSD+WBEU+Iz1/epvXe09EKir4g57FxIvQmNOQYqSN5CaP6TQbVWt2054DrhOnIDVQoDOq/gwDgZOIcI0ZUmrg2LH2UiQ1xYxklWGiSIzwFI3JwFCOIqK8dH5sButGCWAopHlcw7n6dyJFkVKzyDedEdITtVrLxf9qg0SHN15KeZxowvHCKEwY1ALmP4cBlQRrNjMEYUnNrRBPkERYm3yWXPLdWgimMgjrcO4EGwE2MauLiknLWc1mnXRbTeeq6dxf1tqtIrcyOAPnoAEccA3a4A50gAswoOAZvII368V6tz6sz0VrySpmTsESrK9fNqCepg==</latexit>

uk
<latexit sha1_base64="IOpHC6Jx4KDJQQZDihAOpRXzgfM=">AAACF3icbVC7TsMwFHV4lvIqMLJYVJXKQJVUCBgrsTAWiT6kNlSO47RWHTuyHaQqykcwAh/DhlgZ+RYWnDQDbTmSpaNzH+f6eBGjStv2t7W2vrG5tV3aKe/u7R8cVo6Ou0rEEpMOFkzIvocUYZSTjqaakX4kCQo9Rnre9Dar956IVFTwBz2LiBuiMacBxUgbqRc/JtMLJx1VqnbDzgFXiVOQKijQHlV+hr7AcUi4xgwpNXDsSLsJkppiRtLyMFYkQniKxmRgKEchUW6Sn5vCmlF8GAhpHtcwV/9OJChUahZ6pjNEeqKWa5n4X20Q6+DGTSiPYk04nhsFMYNawOzv0KeSYM1mhiAsqbkV4gmSCGuT0IJLtlsLwVQKYQ3mTrDuYxO0Oi+btJzlbFZJt9lwrhrO/WW11SxyK4FTcAbqwAHXoAXuQBt0AAZT8AxewZv1Yr1bH9bnvHXNKmZOwAKsr18iXp8Y</latexit>

uk�1

<latexit sha1_base64="L8rkpYsjFFo++9jthTFyQD0vGUY="></latexit>

→p ↑ Gp

<latexit sha1_base64="iTSuabW2ZtOqxb4EMid3375W3pE="></latexit>p

<latexit sha1_base64="wtLt+5tyY+9Wq2PYYwrsvMBXrs0="></latexit>

Gp = 0

<latexit sha1_base64="mPt7secggfqEhxGqhuEn3NW5A80="></latexit>[
A G
G↭ 0

] [
uh
ph

]
=

[
fh
0

]

<latexit sha1_base64="11tjdtrKsV+VYL0pzudRgTXK5no="></latexit>

G↭A→1Gph = G↭Afh
<latexit sha1_base64="uxGRSoLhP5ivb5INEhrbfvFlEsA="></latexit>

N (G) →= {0}

<latexit sha1_base64="t5YwOX7mRRPaFSs/OGjE8hg5dwI="></latexit>

(Gp)k :=
pk+1 → pk→1

2!x



11

Stokes and Navier-Stokes equations
It is not trivial to obtain adequate discretizations

Navier-Stokes (checkerboard pressure)

<latexit sha1_base64="i6frXH1Xy8QktRXXmj8euIrN8Fs="></latexit>(
�~u�rp = ~f

r · ~u = 0

Stokes flow
Algebraic system of equations

Schur complement

<latexit sha1_base64="1GdG7KTE7HB7n1WAJ+ftiN2rZFE=">AAACFXicbVBNT8IwGO7wC/EL9eilkZDghWzEqEcSLx4xcUACk3RdBw1du7SdCVn2GzyqP8ab8erZ3+LFDnYQ8EmaPHnej+ft48eMKm3b31ZpY3Nre6e8W9nbPzg8qh6fdJVIJCYuFkzIvo8UYZQTV1PNSD+WBEU+Iz1/epvXe09EKir4g57FxIvQmNOQYqSN5MaP6TQbVWt2054DrhOnIDVQoDOq/gwDgZOIcI0ZUmrg2LH2UiQ1xYxklWGiSIzwFI3JwFCOIqK8dH5sButGCWAopHlcw7n6dyJFkVKzyDedEdITtVrLxf9qg0SHN15KeZxowvHCKEwY1ALmP4cBlQRrNjMEYUnNrRBPkERYm3yWXPLdWgimMgjrcO4EGwE2MauLiknLWc1mnXRbTeeq6dxf1tqtIrcyOAPnoAEccA3a4A50gAswoOAZvII368V6tz6sz0VrySpmTsESrK9fLiueoQ==</latexit>

pk
<latexit sha1_base64="BjjHzgR121s0mLknhZwrvvL0P3g=">AAACF3icbVC7TsMwFHV4lvIqMLJYVJXKQJVUCBgrsTAWiT6kNlSO47RWHTuyHaQqykcwAh/DhlgZ+RYWnDQDbTmSpaNzH+f6eBGjStv2t7W2vrG5tV3aKe/u7R8cVo6Ou0rEEpMOFkzIvocUYZSTjqaakX4kCQo9Rnre9Dar956IVFTwBz2LiBuiMacBxUgbqRc9JtMLJx1VqnbDzgFXiVOQKijQHlV+hr7AcUi4xgwpNXDsSLsJkppiRtLyMFYkQniKxmRgKEchUW6Sn5vCmlF8GAhpHtcwV/9OJChUahZ6pjNEeqKWa5n4X20Q6+DGTSiPYk04nhsFMYNawOzv0KeSYM1mhiAsqbkV4gmSCGuT0IJLtlsLwVQKYQ3mTrDuYxO0Oi+btJzlbFZJt9lwrhrO/WW11SxyK4FTcAbqwAHXoAXuQBt0AAZT8AxewZv1Yr1bH9bnvHXNKmZOwAKsr18Z358T</latexit>

pk�1
<latexit sha1_base64="9ergc6PljPKQVZADGTe8rMxZWVY=">AAACF3icbVBNS8MwGE79nPNr6tFLcAwmwmiHqMeBF48T3AdsdaRpuoWlSUlSYZT+CI/qj/EmXj36W7yYdj24zQcCD8/78bx5vIhRpW3721pb39jc2i7tlHf39g8OK0fHXSViiUkHCyZk30OKMMpJR1PNSD+SBIUeIz1vepvVe09EKir4g55FxA3RmNOAYqSN1Isek+mFk44qVbth54CrxClIFRRojyo/Q1/gOCRcY4aUGjh2pN0ESU0xI2l5GCsSITxFYzIwlKOQKDfJz01hzSg+DIQ0j2uYq38nEhQqNQs90xkiPVHLtUz8rzaIdXDjJpRHsSYcz42CmEEtYPZ36FNJsGYzQxCW1NwK8QRJhLVJaMEl262FYCqFsAZzJ1j3sQlanZdNWs5yNquk22w4Vw3n/rLaaha5lcApOAN14IBr0AJ3oA06AIMpeAav4M16sd6tD+tz3rpmFTMnYAHW1y8WgZ8R</latexit>

pk+1

<latexit sha1_base64="QDDHGSRRG44WDE6jQn1/sEHiUPw=">AAACF3icbVBNS8MwGE79nPNr6tFLcAwmwmiHqMeBF48T3AdsdaRpuoWlSUlSYZT+CI/qj/EmXj36W7yYdj24zQcCD8/78bx5vIhRpW3721pb39jc2i7tlHf39g8OK0fHXSViiUkHCyZk30OKMMpJR1PNSD+SBIUeIz1vepvVe09EKir4g55FxA3RmNOAYqSN1Isfk+mFk44qVbth54CrxClIFRRojyo/Q1/gOCRcY4aUGjh2pN0ESU0xI2l5GCsSITxFYzIwlKOQKDfJz01hzSg+DIQ0j2uYq38nEhQqNQs90xkiPVHLtUz8rzaIdXDjJpRHsSYcz42CmEEtYPZ36FNJsGYzQxCW1NwK8QRJhLVJaMEl262FYCqFsAZzJ1j3sQlanZdNWs5yNquk22w4Vw3n/rLaaha5lcApOAN14IBr0AJ3oA06AIMpeAav4M16sd6tD+tz3rpmFTMnYAHW1y8fAJ8W</latexit>

uk+1
<latexit sha1_base64="rdWgOP2pVZsaR62P6arZRTRVg0k=">AAACFXicbVBNT8IwGO7wC/EL9eilkZDghWzEqEcSLx4xcUACk3RdBw1du7SdCVn2GzyqP8ab8erZ3+LFDnYQ8EmaPHnej+ft48eMKm3b31ZpY3Nre6e8W9nbPzg8qh6fdJVIJCYuFkzIvo8UYZQTV1PNSD+WBEU+Iz1/epvXe09EKir4g57FxIvQmNOQYqSN5CaP6TQbVWt2054DrhOnIDVQoDOq/gwDgZOIcI0ZUmrg2LH2UiQ1xYxklWGiSIzwFI3JwFCOIqK8dH5sButGCWAopHlcw7n6dyJFkVKzyDedEdITtVrLxf9qg0SHN15KeZxowvHCKEwY1ALmP4cBlQRrNjMEYUnNrRBPkERYm3yWXPLdWgimMgjrcO4EGwE2MauLiknLWc1mnXRbTeeq6dxf1tqtIrcyOAPnoAEccA3a4A50gAswoOAZvII368V6tz6sz0VrySpmTsESrK9fNqCepg==</latexit>

uk
<latexit sha1_base64="IOpHC6Jx4KDJQQZDihAOpRXzgfM=">AAACF3icbVC7TsMwFHV4lvIqMLJYVJXKQJVUCBgrsTAWiT6kNlSO47RWHTuyHaQqykcwAh/DhlgZ+RYWnDQDbTmSpaNzH+f6eBGjStv2t7W2vrG5tV3aKe/u7R8cVo6Ou0rEEpMOFkzIvocUYZSTjqaakX4kCQo9Rnre9Dar956IVFTwBz2LiBuiMacBxUgbqRc/JtMLJx1VqnbDzgFXiVOQKijQHlV+hr7AcUi4xgwpNXDsSLsJkppiRtLyMFYkQniKxmRgKEchUW6Sn5vCmlF8GAhpHtcwV/9OJChUahZ6pjNEeqKWa5n4X20Q6+DGTSiPYk04nhsFMYNawOzv0KeSYM1mhiAsqbkV4gmSCGuT0IJLtlsLwVQKYQ3mTrDuYxO0Oi+btJzlbFZJt9lwrhrO/WW11SxyK4FTcAbqwAHXoAXuQBt0AAZT8AxewZv1Yr1bH9bnvHXNKmZOwAKsr18iXp8Y</latexit>

uk�1

<latexit sha1_base64="L8rkpYsjFFo++9jthTFyQD0vGUY="></latexit>

→p ↑ Gp

<latexit sha1_base64="iTSuabW2ZtOqxb4EMid3375W3pE="></latexit>p

<latexit sha1_base64="wtLt+5tyY+9Wq2PYYwrsvMBXrs0="></latexit>

Gp = 0

<latexit sha1_base64="mPt7secggfqEhxGqhuEn3NW5A80="></latexit>[
A G
G↭ 0

] [
uh
ph

]
=

[
fh
0

]

<latexit sha1_base64="11tjdtrKsV+VYL0pzudRgTXK5no="></latexit>

G↭A→1Gph = G↭Afh

<latexit sha1_base64="1Id3LeOy/szI+r2n8GilnBvYw2s="></latexit>

→↑ · ωε, p↓ = 0 ⊋ p = constant

FEM

<latexit sha1_base64="t5YwOX7mRRPaFSs/OGjE8hg5dwI="></latexit>

(Gp)k :=
pk+1 → pk→1

2!x
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Stokes and Navier-Stokes equations
It is not trivial to obtain adequate discretizations

Navier-Stokes (checkerboard pressure)

<latexit sha1_base64="i6frXH1Xy8QktRXXmj8euIrN8Fs="></latexit>(
�~u�rp = ~f

r · ~u = 0

Stokes flow
Algebraic system of equations

Schur complementStabilization / 
Regularization term

<latexit sha1_base64="bdjNtMYz/r6vV+4DVnWJ7Ibt1jQ="></latexit>

� > 0 and � ⌧ 1

<latexit sha1_base64="1GdG7KTE7HB7n1WAJ+ftiN2rZFE=">AAACFXicbVBNT8IwGO7wC/EL9eilkZDghWzEqEcSLx4xcUACk3RdBw1du7SdCVn2GzyqP8ab8erZ3+LFDnYQ8EmaPHnej+ft48eMKm3b31ZpY3Nre6e8W9nbPzg8qh6fdJVIJCYuFkzIvo8UYZQTV1PNSD+WBEU+Iz1/epvXe09EKir4g57FxIvQmNOQYqSN5MaP6TQbVWt2054DrhOnIDVQoDOq/gwDgZOIcI0ZUmrg2LH2UiQ1xYxklWGiSIzwFI3JwFCOIqK8dH5sButGCWAopHlcw7n6dyJFkVKzyDedEdITtVrLxf9qg0SHN15KeZxowvHCKEwY1ALmP4cBlQRrNjMEYUnNrRBPkERYm3yWXPLdWgimMgjrcO4EGwE2MauLiknLWc1mnXRbTeeq6dxf1tqtIrcyOAPnoAEccA3a4A50gAswoOAZvII368V6tz6sz0VrySpmTsESrK9fLiueoQ==</latexit>

pk
<latexit sha1_base64="BjjHzgR121s0mLknhZwrvvL0P3g=">AAACF3icbVC7TsMwFHV4lvIqMLJYVJXKQJVUCBgrsTAWiT6kNlSO47RWHTuyHaQqykcwAh/DhlgZ+RYWnDQDbTmSpaNzH+f6eBGjStv2t7W2vrG5tV3aKe/u7R8cVo6Ou0rEEpMOFkzIvocUYZSTjqaakX4kCQo9Rnre9Dar956IVFTwBz2LiBuiMacBxUgbqRc9JtMLJx1VqnbDzgFXiVOQKijQHlV+hr7AcUi4xgwpNXDsSLsJkppiRtLyMFYkQniKxmRgKEchUW6Sn5vCmlF8GAhpHtcwV/9OJChUahZ6pjNEeqKWa5n4X20Q6+DGTSiPYk04nhsFMYNawOzv0KeSYM1mhiAsqbkV4gmSCGuT0IJLtlsLwVQKYQ3mTrDuYxO0Oi+btJzlbFZJt9lwrhrO/WW11SxyK4FTcAbqwAHXoAXuQBt0AAZT8AxewZv1Yr1bH9bnvHXNKmZOwAKsr18Z358T</latexit>

pk�1
<latexit sha1_base64="9ergc6PljPKQVZADGTe8rMxZWVY=">AAACF3icbVBNS8MwGE79nPNr6tFLcAwmwmiHqMeBF48T3AdsdaRpuoWlSUlSYZT+CI/qj/EmXj36W7yYdj24zQcCD8/78bx5vIhRpW3721pb39jc2i7tlHf39g8OK0fHXSViiUkHCyZk30OKMMpJR1PNSD+SBIUeIz1vepvVe09EKir4g55FxA3RmNOAYqSN1Isek+mFk44qVbth54CrxClIFRRojyo/Q1/gOCRcY4aUGjh2pN0ESU0xI2l5GCsSITxFYzIwlKOQKDfJz01hzSg+DIQ0j2uYq38nEhQqNQs90xkiPVHLtUz8rzaIdXDjJpRHsSYcz42CmEEtYPZ36FNJsGYzQxCW1NwK8QRJhLVJaMEl262FYCqFsAZzJ1j3sQlanZdNWs5yNquk22w4Vw3n/rLaaha5lcApOAN14IBr0AJ3oA06AIMpeAav4M16sd6tD+tz3rpmFTMnYAHW1y8WgZ8R</latexit>

pk+1

<latexit sha1_base64="QDDHGSRRG44WDE6jQn1/sEHiUPw=">AAACF3icbVBNS8MwGE79nPNr6tFLcAwmwmiHqMeBF48T3AdsdaRpuoWlSUlSYZT+CI/qj/EmXj36W7yYdj24zQcCD8/78bx5vIhRpW3721pb39jc2i7tlHf39g8OK0fHXSViiUkHCyZk30OKMMpJR1PNSD+SBIUeIz1vepvVe09EKir4g55FxA3RmNOAYqSN1Isfk+mFk44qVbth54CrxClIFRRojyo/Q1/gOCRcY4aUGjh2pN0ESU0xI2l5GCsSITxFYzIwlKOQKDfJz01hzSg+DIQ0j2uYq38nEhQqNQs90xkiPVHLtUz8rzaIdXDjJpRHsSYcz42CmEEtYPZ36FNJsGYzQxCW1NwK8QRJhLVJaMEl262FYCqFsAZzJ1j3sQlanZdNWs5yNquk22w4Vw3n/rLaaha5lcApOAN14IBr0AJ3oA06AIMpeAav4M16sd6tD+tz3rpmFTMnYAHW1y8fAJ8W</latexit>

uk+1
<latexit sha1_base64="rdWgOP2pVZsaR62P6arZRTRVg0k=">AAACFXicbVBNT8IwGO7wC/EL9eilkZDghWzEqEcSLx4xcUACk3RdBw1du7SdCVn2GzyqP8ab8erZ3+LFDnYQ8EmaPHnej+ft48eMKm3b31ZpY3Nre6e8W9nbPzg8qh6fdJVIJCYuFkzIvo8UYZQTV1PNSD+WBEU+Iz1/epvXe09EKir4g57FxIvQmNOQYqSN5CaP6TQbVWt2054DrhOnIDVQoDOq/gwDgZOIcI0ZUmrg2LH2UiQ1xYxklWGiSIzwFI3JwFCOIqK8dH5sButGCWAopHlcw7n6dyJFkVKzyDedEdITtVrLxf9qg0SHN15KeZxowvHCKEwY1ALmP4cBlQRrNjMEYUnNrRBPkERYm3yWXPLdWgimMgjrcO4EGwE2MauLiknLWc1mnXRbTeeq6dxf1tqtIrcyOAPnoAEccA3a4A50gAswoOAZvII368V6tz6sz0VrySpmTsESrK9fNqCepg==</latexit>

uk
<latexit sha1_base64="IOpHC6Jx4KDJQQZDihAOpRXzgfM=">AAACF3icbVC7TsMwFHV4lvIqMLJYVJXKQJVUCBgrsTAWiT6kNlSO47RWHTuyHaQqykcwAh/DhlgZ+RYWnDQDbTmSpaNzH+f6eBGjStv2t7W2vrG5tV3aKe/u7R8cVo6Ou0rEEpMOFkzIvocUYZSTjqaakX4kCQo9Rnre9Dar956IVFTwBz2LiBuiMacBxUgbqRc/JtMLJx1VqnbDzgFXiVOQKijQHlV+hr7AcUi4xgwpNXDsSLsJkppiRtLyMFYkQniKxmRgKEchUW6Sn5vCmlF8GAhpHtcwV/9OJChUahZ6pjNEeqKWa5n4X20Q6+DGTSiPYk04nhsFMYNawOzv0KeSYM1mhiAsqbkV4gmSCGuT0IJLtlsLwVQKYQ3mTrDuYxO0Oi+btJzlbFZJt9lwrhrO/WW11SxyK4FTcAbqwAHXoAXuQBt0AAZT8AxewZv1Yr1bH9bnvHXNKmZOwAKsr18iXp8Y</latexit>

uk�1

<latexit sha1_base64="L8rkpYsjFFo++9jthTFyQD0vGUY="></latexit>

→p ↑ Gp

<latexit sha1_base64="iTSuabW2ZtOqxb4EMid3375W3pE="></latexit>p

<latexit sha1_base64="wtLt+5tyY+9Wq2PYYwrsvMBXrs0="></latexit>

Gp = 0

<latexit sha1_base64="zxnGDWWSPQYgtxNcLc95ot8N+4A="></latexit>[
A G
G↭ →ωC

] [
uh
ph

]
=

[
fh
0

]

<latexit sha1_base64="ckl/nk0ja2Xkkc2MLEvqx/hP8lQ="></latexit>(
G↭A→1G→ωC

)
ph = G↭Afh

<latexit sha1_base64="t5YwOX7mRRPaFSs/OGjE8hg5dwI="></latexit>

(Gp)k :=
pk+1 → pk→1

2!x
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Stokes and Navier-Stokes equations
It is not trivial to obtain adequate discretizations

Navier-Stokes (checkerboard pressure)

<latexit sha1_base64="i6frXH1Xy8QktRXXmj8euIrN8Fs="></latexit>(
�~u�rp = ~f

r · ~u = 0

Stokes flow
Algebraic system of equations

Schur complementStabilization / 
Regularization term

But…

<latexit sha1_base64="bdjNtMYz/r6vV+4DVnWJ7Ibt1jQ="></latexit>

� > 0 and � ⌧ 1

<latexit sha1_base64="1GdG7KTE7HB7n1WAJ+ftiN2rZFE=">AAACFXicbVBNT8IwGO7wC/EL9eilkZDghWzEqEcSLx4xcUACk3RdBw1du7SdCVn2GzyqP8ab8erZ3+LFDnYQ8EmaPHnej+ft48eMKm3b31ZpY3Nre6e8W9nbPzg8qh6fdJVIJCYuFkzIvo8UYZQTV1PNSD+WBEU+Iz1/epvXe09EKir4g57FxIvQmNOQYqSN5MaP6TQbVWt2054DrhOnIDVQoDOq/gwDgZOIcI0ZUmrg2LH2UiQ1xYxklWGiSIzwFI3JwFCOIqK8dH5sButGCWAopHlcw7n6dyJFkVKzyDedEdITtVrLxf9qg0SHN15KeZxowvHCKEwY1ALmP4cBlQRrNjMEYUnNrRBPkERYm3yWXPLdWgimMgjrcO4EGwE2MauLiknLWc1mnXRbTeeq6dxf1tqtIrcyOAPnoAEccA3a4A50gAswoOAZvII368V6tz6sz0VrySpmTsESrK9fLiueoQ==</latexit>

pk
<latexit sha1_base64="BjjHzgR121s0mLknhZwrvvL0P3g=">AAACF3icbVC7TsMwFHV4lvIqMLJYVJXKQJVUCBgrsTAWiT6kNlSO47RWHTuyHaQqykcwAh/DhlgZ+RYWnDQDbTmSpaNzH+f6eBGjStv2t7W2vrG5tV3aKe/u7R8cVo6Ou0rEEpMOFkzIvocUYZSTjqaakX4kCQo9Rnre9Dar956IVFTwBz2LiBuiMacBxUgbqRc9JtMLJx1VqnbDzgFXiVOQKijQHlV+hr7AcUi4xgwpNXDsSLsJkppiRtLyMFYkQniKxmRgKEchUW6Sn5vCmlF8GAhpHtcwV/9OJChUahZ6pjNEeqKWa5n4X20Q6+DGTSiPYk04nhsFMYNawOzv0KeSYM1mhiAsqbkV4gmSCGuT0IJLtlsLwVQKYQ3mTrDuYxO0Oi+btJzlbFZJt9lwrhrO/WW11SxyK4FTcAbqwAHXoAXuQBt0AAZT8AxewZv1Yr1bH9bnvHXNKmZOwAKsr18Z358T</latexit>

pk�1
<latexit sha1_base64="9ergc6PljPKQVZADGTe8rMxZWVY=">AAACF3icbVBNS8MwGE79nPNr6tFLcAwmwmiHqMeBF48T3AdsdaRpuoWlSUlSYZT+CI/qj/EmXj36W7yYdj24zQcCD8/78bx5vIhRpW3721pb39jc2i7tlHf39g8OK0fHXSViiUkHCyZk30OKMMpJR1PNSD+SBIUeIz1vepvVe09EKir4g55FxA3RmNOAYqSN1Isek+mFk44qVbth54CrxClIFRRojyo/Q1/gOCRcY4aUGjh2pN0ESU0xI2l5GCsSITxFYzIwlKOQKDfJz01hzSg+DIQ0j2uYq38nEhQqNQs90xkiPVHLtUz8rzaIdXDjJpRHsSYcz42CmEEtYPZ36FNJsGYzQxCW1NwK8QRJhLVJaMEl262FYCqFsAZzJ1j3sQlanZdNWs5yNquk22w4Vw3n/rLaaha5lcApOAN14IBr0AJ3oA06AIMpeAav4M16sd6tD+tz3rpmFTMnYAHW1y8WgZ8R</latexit>

pk+1

<latexit sha1_base64="QDDHGSRRG44WDE6jQn1/sEHiUPw=">AAACF3icbVBNS8MwGE79nPNr6tFLcAwmwmiHqMeBF48T3AdsdaRpuoWlSUlSYZT+CI/qj/EmXj36W7yYdj24zQcCD8/78bx5vIhRpW3721pb39jc2i7tlHf39g8OK0fHXSViiUkHCyZk30OKMMpJR1PNSD+SBIUeIz1vepvVe09EKir4g55FxA3RmNOAYqSN1Isfk+mFk44qVbth54CrxClIFRRojyo/Q1/gOCRcY4aUGjh2pN0ESU0xI2l5GCsSITxFYzIwlKOQKDfJz01hzSg+DIQ0j2uYq38nEhQqNQs90xkiPVHLtUz8rzaIdXDjJpRHsSYcz42CmEEtYPZ36FNJsGYzQxCW1NwK8QRJhLVJaMEl262FYCqFsAZzJ1j3sQlanZdNWs5yNquk22w4Vw3n/rLaaha5lcApOAN14IBr0AJ3oA06AIMpeAav4M16sd6tD+tz3rpmFTMnYAHW1y8fAJ8W</latexit>

uk+1
<latexit sha1_base64="rdWgOP2pVZsaR62P6arZRTRVg0k=">AAACFXicbVBNT8IwGO7wC/EL9eilkZDghWzEqEcSLx4xcUACk3RdBw1du7SdCVn2GzyqP8ab8erZ3+LFDnYQ8EmaPHnej+ft48eMKm3b31ZpY3Nre6e8W9nbPzg8qh6fdJVIJCYuFkzIvo8UYZQTV1PNSD+WBEU+Iz1/epvXe09EKir4g57FxIvQmNOQYqSN5CaP6TQbVWt2054DrhOnIDVQoDOq/gwDgZOIcI0ZUmrg2LH2UiQ1xYxklWGiSIzwFI3JwFCOIqK8dH5sButGCWAopHlcw7n6dyJFkVKzyDedEdITtVrLxf9qg0SHN15KeZxowvHCKEwY1ALmP4cBlQRrNjMEYUnNrRBPkERYm3yWXPLdWgimMgjrcO4EGwE2MauLiknLWc1mnXRbTeeq6dxf1tqtIrcyOAPnoAEccA3a4A50gAswoOAZvII368V6tz6sz0VrySpmTsESrK9fNqCepg==</latexit>

uk
<latexit sha1_base64="IOpHC6Jx4KDJQQZDihAOpRXzgfM=">AAACF3icbVC7TsMwFHV4lvIqMLJYVJXKQJVUCBgrsTAWiT6kNlSO47RWHTuyHaQqykcwAh/DhlgZ+RYWnDQDbTmSpaNzH+f6eBGjStv2t7W2vrG5tV3aKe/u7R8cVo6Ou0rEEpMOFkzIvocUYZSTjqaakX4kCQo9Rnre9Dar956IVFTwBz2LiBuiMacBxUgbqRc/JtMLJx1VqnbDzgFXiVOQKijQHlV+hr7AcUi4xgwpNXDsSLsJkppiRtLyMFYkQniKxmRgKEchUW6Sn5vCmlF8GAhpHtcwV/9OJChUahZ6pjNEeqKWa5n4X20Q6+DGTSiPYk04nhsFMYNawOzv0KeSYM1mhiAsqbkV4gmSCGuT0IJLtlsLwVQKYQ3mTrDuYxO0Oi+btJzlbFZJt9lwrhrO/WW11SxyK4FTcAbqwAHXoAXuQBt0AAZT8AxewZv1Yr1bH9bnvHXNKmZOwAKsr18iXp8Y</latexit>

uk�1

<latexit sha1_base64="L8rkpYsjFFo++9jthTFyQD0vGUY="></latexit>

→p ↑ Gp

<latexit sha1_base64="iTSuabW2ZtOqxb4EMid3375W3pE="></latexit>p

<latexit sha1_base64="wtLt+5tyY+9Wq2PYYwrsvMBXrs0="></latexit>

Gp = 0

<latexit sha1_base64="zxnGDWWSPQYgtxNcLc95ot8N+4A="></latexit>[
A G
G↭ →ωC

] [
uh
ph

]
=

[
fh
0

]

<latexit sha1_base64="ckl/nk0ja2Xkkc2MLEvqx/hP8lQ="></latexit>(
G↭A→1G→ωC

)
ph = G↭Afh

<latexit sha1_base64="caecZwaXBS/vwqk1vTUrQVO3r04="></latexit>

B|uh = 0
<latexit sha1_base64="sgCAsXQhDRLGEzgruLRMZumEB9E="></latexit>

B|uh = �Cph ⇡ 0

<latexit sha1_base64="t5YwOX7mRRPaFSs/OGjE8hg5dwI="></latexit>

(Gp)k :=
pk+1 → pk→1

2!x
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Stokes and Navier-Stokes equations
It is not trivial to obtain adequate discretizations

Navier-Stokes (checkerboard pressure)

<latexit sha1_base64="i6frXH1Xy8QktRXXmj8euIrN8Fs="></latexit>(
�~u�rp = ~f

r · ~u = 0

Stokes flow
Algebraic system of equations

Schur complementStabilization / 
Regularization term

But…

<latexit sha1_base64="bdjNtMYz/r6vV+4DVnWJ7Ibt1jQ="></latexit>

� > 0 and � ⌧ 1

<latexit sha1_base64="1GdG7KTE7HB7n1WAJ+ftiN2rZFE=">AAACFXicbVBNT8IwGO7wC/EL9eilkZDghWzEqEcSLx4xcUACk3RdBw1du7SdCVn2GzyqP8ab8erZ3+LFDnYQ8EmaPHnej+ft48eMKm3b31ZpY3Nre6e8W9nbPzg8qh6fdJVIJCYuFkzIvo8UYZQTV1PNSD+WBEU+Iz1/epvXe09EKir4g57FxIvQmNOQYqSN5MaP6TQbVWt2054DrhOnIDVQoDOq/gwDgZOIcI0ZUmrg2LH2UiQ1xYxklWGiSIzwFI3JwFCOIqK8dH5sButGCWAopHlcw7n6dyJFkVKzyDedEdITtVrLxf9qg0SHN15KeZxowvHCKEwY1ALmP4cBlQRrNjMEYUnNrRBPkERYm3yWXPLdWgimMgjrcO4EGwE2MauLiknLWc1mnXRbTeeq6dxf1tqtIrcyOAPnoAEccA3a4A50gAswoOAZvII368V6tz6sz0VrySpmTsESrK9fLiueoQ==</latexit>

pk
<latexit sha1_base64="BjjHzgR121s0mLknhZwrvvL0P3g=">AAACF3icbVC7TsMwFHV4lvIqMLJYVJXKQJVUCBgrsTAWiT6kNlSO47RWHTuyHaQqykcwAh/DhlgZ+RYWnDQDbTmSpaNzH+f6eBGjStv2t7W2vrG5tV3aKe/u7R8cVo6Ou0rEEpMOFkzIvocUYZSTjqaakX4kCQo9Rnre9Dar956IVFTwBz2LiBuiMacBxUgbqRc9JtMLJx1VqnbDzgFXiVOQKijQHlV+hr7AcUi4xgwpNXDsSLsJkppiRtLyMFYkQniKxmRgKEchUW6Sn5vCmlF8GAhpHtcwV/9OJChUahZ6pjNEeqKWa5n4X20Q6+DGTSiPYk04nhsFMYNawOzv0KeSYM1mhiAsqbkV4gmSCGuT0IJLtlsLwVQKYQ3mTrDuYxO0Oi+btJzlbFZJt9lwrhrO/WW11SxyK4FTcAbqwAHXoAXuQBt0AAZT8AxewZv1Yr1bH9bnvHXNKmZOwAKsr18Z358T</latexit>

pk�1
<latexit sha1_base64="9ergc6PljPKQVZADGTe8rMxZWVY=">AAACF3icbVBNS8MwGE79nPNr6tFLcAwmwmiHqMeBF48T3AdsdaRpuoWlSUlSYZT+CI/qj/EmXj36W7yYdj24zQcCD8/78bx5vIhRpW3721pb39jc2i7tlHf39g8OK0fHXSViiUkHCyZk30OKMMpJR1PNSD+SBIUeIz1vepvVe09EKir4g55FxA3RmNOAYqSN1Isek+mFk44qVbth54CrxClIFRRojyo/Q1/gOCRcY4aUGjh2pN0ESU0xI2l5GCsSITxFYzIwlKOQKDfJz01hzSg+DIQ0j2uYq38nEhQqNQs90xkiPVHLtUz8rzaIdXDjJpRHsSYcz42CmEEtYPZ36FNJsGYzQxCW1NwK8QRJhLVJaMEl262FYCqFsAZzJ1j3sQlanZdNWs5yNquk22w4Vw3n/rLaaha5lcApOAN14IBr0AJ3oA06AIMpeAav4M16sd6tD+tz3rpmFTMnYAHW1y8WgZ8R</latexit>

pk+1

<latexit sha1_base64="QDDHGSRRG44WDE6jQn1/sEHiUPw=">AAACF3icbVBNS8MwGE79nPNr6tFLcAwmwmiHqMeBF48T3AdsdaRpuoWlSUlSYZT+CI/qj/EmXj36W7yYdj24zQcCD8/78bx5vIhRpW3721pb39jc2i7tlHf39g8OK0fHXSViiUkHCyZk30OKMMpJR1PNSD+SBIUeIz1vepvVe09EKir4g55FxA3RmNOAYqSN1Isfk+mFk44qVbth54CrxClIFRRojyo/Q1/gOCRcY4aUGjh2pN0ESU0xI2l5GCsSITxFYzIwlKOQKDfJz01hzSg+DIQ0j2uYq38nEhQqNQs90xkiPVHLtUz8rzaIdXDjJpRHsSYcz42CmEEtYPZ36FNJsGYzQxCW1NwK8QRJhLVJaMEl262FYCqFsAZzJ1j3sQlanZdNWs5yNquk22w4Vw3n/rLaaha5lcApOAN14IBr0AJ3oA06AIMpeAav4M16sd6tD+tz3rpmFTMnYAHW1y8fAJ8W</latexit>

uk+1
<latexit sha1_base64="rdWgOP2pVZsaR62P6arZRTRVg0k=">AAACFXicbVBNT8IwGO7wC/EL9eilkZDghWzEqEcSLx4xcUACk3RdBw1du7SdCVn2GzyqP8ab8erZ3+LFDnYQ8EmaPHnej+ft48eMKm3b31ZpY3Nre6e8W9nbPzg8qh6fdJVIJCYuFkzIvo8UYZQTV1PNSD+WBEU+Iz1/epvXe09EKir4g57FxIvQmNOQYqSN5CaP6TQbVWt2054DrhOnIDVQoDOq/gwDgZOIcI0ZUmrg2LH2UiQ1xYxklWGiSIzwFI3JwFCOIqK8dH5sButGCWAopHlcw7n6dyJFkVKzyDedEdITtVrLxf9qg0SHN15KeZxowvHCKEwY1ALmP4cBlQRrNjMEYUnNrRBPkERYm3yWXPLdWgimMgjrcO4EGwE2MauLiknLWc1mnXRbTeeq6dxf1tqtIrcyOAPnoAEccA3a4A50gAswoOAZvII368V6tz6sz0VrySpmTsESrK9fNqCepg==</latexit>

uk
<latexit sha1_base64="IOpHC6Jx4KDJQQZDihAOpRXzgfM=">AAACF3icbVC7TsMwFHV4lvIqMLJYVJXKQJVUCBgrsTAWiT6kNlSO47RWHTuyHaQqykcwAh/DhlgZ+RYWnDQDbTmSpaNzH+f6eBGjStv2t7W2vrG5tV3aKe/u7R8cVo6Ou0rEEpMOFkzIvocUYZSTjqaakX4kCQo9Rnre9Dar956IVFTwBz2LiBuiMacBxUgbqRc/JtMLJx1VqnbDzgFXiVOQKijQHlV+hr7AcUi4xgwpNXDsSLsJkppiRtLyMFYkQniKxmRgKEchUW6Sn5vCmlF8GAhpHtcwV/9OJChUahZ6pjNEeqKWa5n4X20Q6+DGTSiPYk04nhsFMYNawOzv0KeSYM1mhiAsqbkV4gmSCGuT0IJLtlsLwVQKYQ3mTrDuYxO0Oi+btJzlbFZJt9lwrhrO/WW11SxyK4FTcAbqwAHXoAXuQBt0AAZT8AxewZv1Yr1bH9bnvHXNKmZOwAKsr18iXp8Y</latexit>

uk�1

<latexit sha1_base64="L8rkpYsjFFo++9jthTFyQD0vGUY="></latexit>

→p ↑ Gp

<latexit sha1_base64="iTSuabW2ZtOqxb4EMid3375W3pE="></latexit>p

<latexit sha1_base64="wtLt+5tyY+9Wq2PYYwrsvMBXrs0="></latexit>

Gp = 0

<latexit sha1_base64="zxnGDWWSPQYgtxNcLc95ot8N+4A="></latexit>[
A G
G↭ →ωC

] [
uh
ph

]
=

[
fh
0

]

<latexit sha1_base64="ckl/nk0ja2Xkkc2MLEvqx/hP8lQ="></latexit>(
G↭A→1G→ωC

)
ph = G↭Afh

<latexit sha1_base64="ueIQR13XHShx2X2pP1fM9ehnO9I="></latexit>

→ · ωu = 0
<latexit sha1_base64="fl/CvIgWGn24AhFmVFLDnTKTcsI="></latexit>

→ · ωuh = εph ↑ 0

<latexit sha1_base64="t5YwOX7mRRPaFSs/OGjE8hg5dwI="></latexit>

(Gp)k :=
pk+1 → pk→1

2!x
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Stokes and Navier-Stokes equations
It is not trivial to obtain adequate discretizations

Navier-Stokes (checkerboard pressure)

<latexit sha1_base64="1GdG7KTE7HB7n1WAJ+ftiN2rZFE=">AAACFXicbVBNT8IwGO7wC/EL9eilkZDghWzEqEcSLx4xcUACk3RdBw1du7SdCVn2GzyqP8ab8erZ3+LFDnYQ8EmaPHnej+ft48eMKm3b31ZpY3Nre6e8W9nbPzg8qh6fdJVIJCYuFkzIvo8UYZQTV1PNSD+WBEU+Iz1/epvXe09EKir4g57FxIvQmNOQYqSN5MaP6TQbVWt2054DrhOnIDVQoDOq/gwDgZOIcI0ZUmrg2LH2UiQ1xYxklWGiSIzwFI3JwFCOIqK8dH5sButGCWAopHlcw7n6dyJFkVKzyDedEdITtVrLxf9qg0SHN15KeZxowvHCKEwY1ALmP4cBlQRrNjMEYUnNrRBPkERYm3yWXPLdWgimMgjrcO4EGwE2MauLiknLWc1mnXRbTeeq6dxf1tqtIrcyOAPnoAEccA3a4A50gAswoOAZvII368V6tz6sz0VrySpmTsESrK9fLiueoQ==</latexit>

pk
<latexit sha1_base64="BjjHzgR121s0mLknhZwrvvL0P3g=">AAACF3icbVC7TsMwFHV4lvIqMLJYVJXKQJVUCBgrsTAWiT6kNlSO47RWHTuyHaQqykcwAh/DhlgZ+RYWnDQDbTmSpaNzH+f6eBGjStv2t7W2vrG5tV3aKe/u7R8cVo6Ou0rEEpMOFkzIvocUYZSTjqaakX4kCQo9Rnre9Dar956IVFTwBz2LiBuiMacBxUgbqRc9JtMLJx1VqnbDzgFXiVOQKijQHlV+hr7AcUi4xgwpNXDsSLsJkppiRtLyMFYkQniKxmRgKEchUW6Sn5vCmlF8GAhpHtcwV/9OJChUahZ6pjNEeqKWa5n4X20Q6+DGTSiPYk04nhsFMYNawOzv0KeSYM1mhiAsqbkV4gmSCGuT0IJLtlsLwVQKYQ3mTrDuYxO0Oi+btJzlbFZJt9lwrhrO/WW11SxyK4FTcAbqwAHXoAXuQBt0AAZT8AxewZv1Yr1bH9bnvHXNKmZOwAKsr18Z358T</latexit>

pk�1
<latexit sha1_base64="9ergc6PljPKQVZADGTe8rMxZWVY=">AAACF3icbVBNS8MwGE79nPNr6tFLcAwmwmiHqMeBF48T3AdsdaRpuoWlSUlSYZT+CI/qj/EmXj36W7yYdj24zQcCD8/78bx5vIhRpW3721pb39jc2i7tlHf39g8OK0fHXSViiUkHCyZk30OKMMpJR1PNSD+SBIUeIz1vepvVe09EKir4g55FxA3RmNOAYqSN1Isek+mFk44qVbth54CrxClIFRRojyo/Q1/gOCRcY4aUGjh2pN0ESU0xI2l5GCsSITxFYzIwlKOQKDfJz01hzSg+DIQ0j2uYq38nEhQqNQs90xkiPVHLtUz8rzaIdXDjJpRHsSYcz42CmEEtYPZ36FNJsGYzQxCW1NwK8QRJhLVJaMEl262FYCqFsAZzJ1j3sQlanZdNWs5yNquk22w4Vw3n/rLaaha5lcApOAN14IBr0AJ3oA06AIMpeAav4M16sd6tD+tz3rpmFTMnYAHW1y8WgZ8R</latexit>

pk+1

<latexit sha1_base64="9R5MDKy2ELrwxdMU6bgmuXIa9go=">AAACI3icbZDNSsNAFIUn9a/Wv1SXbgZLoSKUpIi6LLhxWcG2QhvLZDJph04yYWailJBHcak+jDtx48InceMkzcK2Hhg4nHvv3MvnRoxKZVlfRmltfWNzq7xd2dnd2z8wq4c9yWOBSRdzxsW9iyRhNCRdRRUj95EgKHAZ6bvT66zefyRCUh7eqVlEnACNQ+pTjJSORmY1fkimZ0NfIJzYadJK05FZs5pWLrhq7MLUQKHOyPwZehzHAQkVZkjKgW1FykmQUBQzklaGsSQRwlM0JgNtQxQQ6ST56Sms68SDPhf6hQrm6d+JBAVSzgJXdwZITeRyLQv/qw1i5V85CQ2jWJEQzxf5MYOKw4wD9KggWLGZNggLqm+FeII0BqVpLWzJ/lacM5lCWIf5JtjwsIYuTyualr3MZtX0Wk37omnfntfarYJbGRyDE9AANrgEbXADOqALMHgCz+AVvBkvxrvxYXzOW0tGMXMEFmR8/wIb2qPF</latexit>

uk+ 1
2

<latexit sha1_base64="1W81l0qmBD48AK4YeDY5cZ+Q1fg=">AAACI3icbZC9TsMwFIWd8lfKXwoji0VVqQxUSYWAsRILY5Foi9SGynGc1qoTR7YDqqI8CiPwMGyIhYEnYcFJM9CWI1k6Ovde36vPjRiVyrK+jNLa+sbmVnm7srO7t39gVg97kscCky7mjIt7F0nCaEi6iipG7iNBUOAy0nen11m9/0iEpDy8U7OIOAEah9SnGCkdjcxq/JBMz4a+QDix06SVpiOzZjWtXHDV2IWpgUKdkfkz9DiOAxIqzJCUA9uKlJMgoShmJK0MY0kihKdoTAbahigg0kny01NY14kHfS70CxXM078TCQqknAWu7gyQmsjlWhb+VxvEyr9yEhpGsSIhni/yYwYVhxkH6FFBsGIzbRAWVN8K8QRpDErTWtiS/a04ZzKFsA7zTbDhYQ1dnlY0LXuZzarptZr2RdO+Pa+1WwW3MjgGJ6ABbHAJ2uAGdEAXYPAEnsEreDNejHfjw/ict5aMYuYILMj4/gUfTKPH</latexit>

uk� 1
2

Staggering solves this issue 
without stabilization

Structure preserving discretizations 
generalise and formalise these ideas

<latexit sha1_base64="1GdG7KTE7HB7n1WAJ+ftiN2rZFE=">AAACFXicbVBNT8IwGO7wC/EL9eilkZDghWzEqEcSLx4xcUACk3RdBw1du7SdCVn2GzyqP8ab8erZ3+LFDnYQ8EmaPHnej+ft48eMKm3b31ZpY3Nre6e8W9nbPzg8qh6fdJVIJCYuFkzIvo8UYZQTV1PNSD+WBEU+Iz1/epvXe09EKir4g57FxIvQmNOQYqSN5MaP6TQbVWt2054DrhOnIDVQoDOq/gwDgZOIcI0ZUmrg2LH2UiQ1xYxklWGiSIzwFI3JwFCOIqK8dH5sButGCWAopHlcw7n6dyJFkVKzyDedEdITtVrLxf9qg0SHN15KeZxowvHCKEwY1ALmP4cBlQRrNjMEYUnNrRBPkERYm3yWXPLdWgimMgjrcO4EGwE2MauLiknLWc1mnXRbTeeq6dxf1tqtIrcyOAPnoAEccA3a4A50gAswoOAZvII368V6tz6sz0VrySpmTsESrK9fLiueoQ==</latexit>

pk
<latexit sha1_base64="BjjHzgR121s0mLknhZwrvvL0P3g=">AAACF3icbVC7TsMwFHV4lvIqMLJYVJXKQJVUCBgrsTAWiT6kNlSO47RWHTuyHaQqykcwAh/DhlgZ+RYWnDQDbTmSpaNzH+f6eBGjStv2t7W2vrG5tV3aKe/u7R8cVo6Ou0rEEpMOFkzIvocUYZSTjqaakX4kCQo9Rnre9Dar956IVFTwBz2LiBuiMacBxUgbqRc9JtMLJx1VqnbDzgFXiVOQKijQHlV+hr7AcUi4xgwpNXDsSLsJkppiRtLyMFYkQniKxmRgKEchUW6Sn5vCmlF8GAhpHtcwV/9OJChUahZ6pjNEeqKWa5n4X20Q6+DGTSiPYk04nhsFMYNawOzv0KeSYM1mhiAsqbkV4gmSCGuT0IJLtlsLwVQKYQ3mTrDuYxO0Oi+btJzlbFZJt9lwrhrO/WW11SxyK4FTcAbqwAHXoAXuQBt0AAZT8AxewZv1Yr1bH9bnvHXNKmZOwAKsr18Z358T</latexit>

pk�1
<latexit sha1_base64="9ergc6PljPKQVZADGTe8rMxZWVY=">AAACF3icbVBNS8MwGE79nPNr6tFLcAwmwmiHqMeBF48T3AdsdaRpuoWlSUlSYZT+CI/qj/EmXj36W7yYdj24zQcCD8/78bx5vIhRpW3721pb39jc2i7tlHf39g8OK0fHXSViiUkHCyZk30OKMMpJR1PNSD+SBIUeIz1vepvVe09EKir4g55FxA3RmNOAYqSN1Isek+mFk44qVbth54CrxClIFRRojyo/Q1/gOCRcY4aUGjh2pN0ESU0xI2l5GCsSITxFYzIwlKOQKDfJz01hzSg+DIQ0j2uYq38nEhQqNQs90xkiPVHLtUz8rzaIdXDjJpRHsSYcz42CmEEtYPZ36FNJsGYzQxCW1NwK8QRJhLVJaMEl262FYCqFsAZzJ1j3sQlanZdNWs5yNquk22w4Vw3n/rLaaha5lcApOAN14IBr0AJ3oA06AIMpeAav4M16sd6tD+tz3rpmFTMnYAHW1y8WgZ8R</latexit>

pk+1

<latexit sha1_base64="QDDHGSRRG44WDE6jQn1/sEHiUPw=">AAACF3icbVBNS8MwGE79nPNr6tFLcAwmwmiHqMeBF48T3AdsdaRpuoWlSUlSYZT+CI/qj/EmXj36W7yYdj24zQcCD8/78bx5vIhRpW3721pb39jc2i7tlHf39g8OK0fHXSViiUkHCyZk30OKMMpJR1PNSD+SBIUeIz1vepvVe09EKir4g55FxA3RmNOAYqSN1Isfk+mFk44qVbth54CrxClIFRRojyo/Q1/gOCRcY4aUGjh2pN0ESU0xI2l5GCsSITxFYzIwlKOQKDfJz01hzSg+DIQ0j2uYq38nEhQqNQs90xkiPVHLtUz8rzaIdXDjJpRHsSYcz42CmEEtYPZ36FNJsGYzQxCW1NwK8QRJhLVJaMEl262FYCqFsAZzJ1j3sQlanZdNWs5yNquk22w4Vw3n/rLaaha5lcApOAN14IBr0AJ3oA06AIMpeAav4M16sd6tD+tz3rpmFTMnYAHW1y8fAJ8W</latexit>

uk+1
<latexit sha1_base64="rdWgOP2pVZsaR62P6arZRTRVg0k=">AAACFXicbVBNT8IwGO7wC/EL9eilkZDghWzEqEcSLx4xcUACk3RdBw1du7SdCVn2GzyqP8ab8erZ3+LFDnYQ8EmaPHnej+ft48eMKm3b31ZpY3Nre6e8W9nbPzg8qh6fdJVIJCYuFkzIvo8UYZQTV1PNSD+WBEU+Iz1/epvXe09EKir4g57FxIvQmNOQYqSN5CaP6TQbVWt2054DrhOnIDVQoDOq/gwDgZOIcI0ZUmrg2LH2UiQ1xYxklWGiSIzwFI3JwFCOIqK8dH5sButGCWAopHlcw7n6dyJFkVKzyDedEdITtVrLxf9qg0SHN15KeZxowvHCKEwY1ALmP4cBlQRrNjMEYUnNrRBPkERYm3yWXPLdWgimMgjrcO4EGwE2MauLiknLWc1mnXRbTeeq6dxf1tqtIrcyOAPnoAEccA3a4A50gAswoOAZvII368V6tz6sz0VrySpmTsESrK9fNqCepg==</latexit>

uk
<latexit sha1_base64="IOpHC6Jx4KDJQQZDihAOpRXzgfM=">AAACF3icbVC7TsMwFHV4lvIqMLJYVJXKQJVUCBgrsTAWiT6kNlSO47RWHTuyHaQqykcwAh/DhlgZ+RYWnDQDbTmSpaNzH+f6eBGjStv2t7W2vrG5tV3aKe/u7R8cVo6Ou0rEEpMOFkzIvocUYZSTjqaakX4kCQo9Rnre9Dar956IVFTwBz2LiBuiMacBxUgbqRc/JtMLJx1VqnbDzgFXiVOQKijQHlV+hr7AcUi4xgwpNXDsSLsJkppiRtLyMFYkQniKxmRgKEchUW6Sn5vCmlF8GAhpHtcwV/9OJChUahZ6pjNEeqKWa5n4X20Q6+DGTSiPYk04nhsFMYNawOzv0KeSYM1mhiAsqbkV4gmSCGuT0IJLtlsLwVQKYQ3mTrDuYxO0Oi+btJzlbFZJt9lwrhrO/WW11SxyK4FTcAbqwAHXoAXuQBt0AAZT8AxewZv1Yr1bH9bnvHXNKmZOwAKsr18iXp8Y</latexit>

uk�1

<latexit sha1_base64="L8rkpYsjFFo++9jthTFyQD0vGUY="></latexit>

→p ↑ Gp

<latexit sha1_base64="iTSuabW2ZtOqxb4EMid3375W3pE="></latexit>p

<latexit sha1_base64="wtLt+5tyY+9Wq2PYYwrsvMBXrs0="></latexit>

Gp = 0 <latexit sha1_base64="t5YwOX7mRRPaFSs/OGjE8hg5dwI="></latexit>

(Gp)k :=
pk+1 → pk→1

2!x
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Intro and motivation
Key take-away

Different placement of DOFs leads to numerical methods with different properties. 
Even when using the same method (FD, FV, FEM). Some are better, others are worse.

How to obtain the better numerical methods in a 
systematic way?
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Spatial discretization
Semi-discretization of shallow waters
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Spatial discretization shallow waters
Underlying mathematical structure: de Rham complex

r⇥ ~E = �@ ~B

@t

r⇥ ~H = ~J +
@ ~D

@t

r · ~D = ⇢

r · ~B = 0

<latexit sha1_base64="LMhmXXuhCHjaakGqmRM4eAIxVq0=">AAACGXicbZDLSsNAFIYnXmu9VV2Jm8EiuCqJeEMQCiq4rGAv0JQymZ62QyeTMDMplBB8ENdu9RnciVtXPoJv4TTNwrb+MPDxn3M4Z34v5Exp2/62FhaXlldWc2v59Y3Nre3Czm5NBZGkUKUBD2TDIwo4E1DVTHNohBKI73Goe4Obcb0+BKlYIB71KISWT3qCdRkl2ljtwr47BBrfJvgauxAqxgOROndJu1C0S3YqPA9OBkWUqdIu/LidgEY+CE05Uarp2KFuxURqRjkkeTdSEBI6ID1oGhTEB9WK0y8k+Mg4HdwNpHlC49T9OxETX6mR75lOn+i+mq2Nzf9qzUh3L1sxE2GkQdDJom7EsQ7wOA/cYRKo5iMDhEpmbsW0TySh2qQ2tUVpAxJ4ks+bbJzZJOahdlJyzktnD6fF8lWWUg4doEN0jBx0gcroHlVQFVH0hF7QK3qznq1368P6nLQuWNnMHpqS9fUL61agiw==</latexit>

ωD = ε ωE

<latexit sha1_base64="OH8KkupQwkWTxbpSKz48WusPEKI=">AAACFHicbZDLSsNAFIYnXmu81cvOzWARXJVEvCEIRTddVrAXaEOZTE/boZNJmJkUashruHarz+BO3Lr3EXwLp2kXtvWHgW/+cw7n8PsRZ0o7zre1tLyyurae27A3t7Z3dvN7+zUVxpJClYY8lA2fKOBMQFUzzaERSSCBz6HuD+7H9foQpGKheNSjCLyA9ATrMkq0sdr5w9YQaHKX4lvcCuLsU07b+YJTdDLhRXCnUEBTVdr5n1YnpHEAQlNOlGq6TqS9hEjNKIfUbsUKIkIHpAdNg4IEoLwkuz7FJ8bp4G4ozRMaZ+7fiYQESo0C33QGRPfVfG1s/ldrxrp77SVMRLEGQSeLujHHOsTjKHCHSaCajwwQKpm5FdM+kYRqE9jMFqUNSOCpbZts3PkkFqF2VnQvixcP54XSzTSlHDpCx+gUuegKlVAZVVAVUfSEXtArerOerXfrw/qctC5Z05kDNCPr6xesPp5C</latexit>

ωB = µ ωH

Topological equations Constitutive equations
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Spatial discretization shallow waters
Underlying mathematical structure: de Rham complex

r⇥ ~E = �@ ~B

@t

r⇥ ~H = ~J +
@ ~D

@t

r · ~D = ⇢

r · ~B = 0

<latexit sha1_base64="LMhmXXuhCHjaakGqmRM4eAIxVq0=">AAACGXicbZDLSsNAFIYnXmu9VV2Jm8EiuCqJeEMQCiq4rGAv0JQymZ62QyeTMDMplBB8ENdu9RnciVtXPoJv4TTNwrb+MPDxn3M4Z34v5Exp2/62FhaXlldWc2v59Y3Nre3Czm5NBZGkUKUBD2TDIwo4E1DVTHNohBKI73Goe4Obcb0+BKlYIB71KISWT3qCdRkl2ljtwr47BBrfJvgauxAqxgOROndJu1C0S3YqPA9OBkWUqdIu/LidgEY+CE05Uarp2KFuxURqRjkkeTdSEBI6ID1oGhTEB9WK0y8k+Mg4HdwNpHlC49T9OxETX6mR75lOn+i+mq2Nzf9qzUh3L1sxE2GkQdDJom7EsQ7wOA/cYRKo5iMDhEpmbsW0TySh2qQ2tUVpAxJ4ks+bbJzZJOahdlJyzktnD6fF8lWWUg4doEN0jBx0gcroHlVQFVH0hF7QK3qznq1368P6nLQuWNnMHpqS9fUL61agiw==</latexit>

ωD = ε ωE

<latexit sha1_base64="OH8KkupQwkWTxbpSKz48WusPEKI=">AAACFHicbZDLSsNAFIYnXmu81cvOzWARXJVEvCEIRTddVrAXaEOZTE/boZNJmJkUashruHarz+BO3Lr3EXwLp2kXtvWHgW/+cw7n8PsRZ0o7zre1tLyyurae27A3t7Z3dvN7+zUVxpJClYY8lA2fKOBMQFUzzaERSSCBz6HuD+7H9foQpGKheNSjCLyA9ATrMkq0sdr5w9YQaHKX4lvcCuLsU07b+YJTdDLhRXCnUEBTVdr5n1YnpHEAQlNOlGq6TqS9hEjNKIfUbsUKIkIHpAdNg4IEoLwkuz7FJ8bp4G4ozRMaZ+7fiYQESo0C33QGRPfVfG1s/ldrxrp77SVMRLEGQSeLujHHOsTjKHCHSaCajwwQKpm5FdM+kYRqE9jMFqUNSOCpbZts3PkkFqF2VnQvixcP54XSzTSlHDpCx+gUuegKlVAZVVAVUfSEXtArerOerXfrw/qctC5Z05kDNCPr6xesPp5C</latexit>

ωB = µ ωH

Topological equations Constitutive equations
<latexit sha1_base64="bgRyCsnCR7fOFb4WmKhLXhWJbGA="></latexit>

→ ·→↑ ωE = 0 ↓ ε

εt
→ · ωB = 0

<latexit sha1_base64="1E62xCCv559MCEf1vjcgPvyRVhY="></latexit>

→ ·→↑ ωH = 0 ↓ εϑ

εt
+→ · ωJ = 0

<latexit sha1_base64="NFIMJDHV1Gm7Q91hQeAOSd45ZPo="></latexit>

ω εB

ωt
= 0 → εE = ↑ϑ

Implicit relations
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Spatial discretization shallow waters
Underlying mathematical structure: de Rham complex

r⇥ ~E = �@ ~B

@t

r⇥ ~H = ~J +
@ ~D

@t

r · ~D = ⇢

r · ~B = 0

<latexit sha1_base64="LMhmXXuhCHjaakGqmRM4eAIxVq0=">AAACGXicbZDLSsNAFIYnXmu9VV2Jm8EiuCqJeEMQCiq4rGAv0JQymZ62QyeTMDMplBB8ENdu9RnciVtXPoJv4TTNwrb+MPDxn3M4Z34v5Exp2/62FhaXlldWc2v59Y3Nre3Czm5NBZGkUKUBD2TDIwo4E1DVTHNohBKI73Goe4Obcb0+BKlYIB71KISWT3qCdRkl2ljtwr47BBrfJvgauxAqxgOROndJu1C0S3YqPA9OBkWUqdIu/LidgEY+CE05Uarp2KFuxURqRjkkeTdSEBI6ID1oGhTEB9WK0y8k+Mg4HdwNpHlC49T9OxETX6mR75lOn+i+mq2Nzf9qzUh3L1sxE2GkQdDJom7EsQ7wOA/cYRKo5iMDhEpmbsW0TySh2qQ2tUVpAxJ4ks+bbJzZJOahdlJyzktnD6fF8lWWUg4doEN0jBx0gcroHlVQFVH0hF7QK3qznq1368P6nLQuWNnMHpqS9fUL61agiw==</latexit>

ωD = ε ωE

<latexit sha1_base64="OH8KkupQwkWTxbpSKz48WusPEKI=">AAACFHicbZDLSsNAFIYnXmu81cvOzWARXJVEvCEIRTddVrAXaEOZTE/boZNJmJkUashruHarz+BO3Lr3EXwLp2kXtvWHgW/+cw7n8PsRZ0o7zre1tLyyurae27A3t7Z3dvN7+zUVxpJClYY8lA2fKOBMQFUzzaERSSCBz6HuD+7H9foQpGKheNSjCLyA9ATrMkq0sdr5w9YQaHKX4lvcCuLsU07b+YJTdDLhRXCnUEBTVdr5n1YnpHEAQlNOlGq6TqS9hEjNKIfUbsUKIkIHpAdNg4IEoLwkuz7FJ8bp4G4ozRMaZ+7fiYQESo0C33QGRPfVfG1s/ldrxrp77SVMRLEGQSeLujHHOsTjKHCHSaCajwwQKpm5FdM+kYRqE9jMFqUNSOCpbZts3PkkFqF2VnQvixcP54XSzTSlHDpCx+gUuegKlVAZVVAVUfSEXtArerOerXfrw/qctC5Z05kDNCPr6xesPp5C</latexit>

ωB = µ ωH

Topological equations Constitutive equations
<latexit sha1_base64="bgRyCsnCR7fOFb4WmKhLXhWJbGA="></latexit>

→ ·→↑ ωE = 0 ↓ ε

εt
→ · ωB = 0

<latexit sha1_base64="1E62xCCv559MCEf1vjcgPvyRVhY="></latexit>

→ ·→↑ ωH = 0 ↓ εϑ

εt
+→ · ωJ = 0

<latexit sha1_base64="NFIMJDHV1Gm7Q91hQeAOSd45ZPo="></latexit>

ω εB

ωt
= 0 → εE = ↑ϑ

Implicit relations

<latexit sha1_base64="KHwCg38JRIMqeKMkIUEMz2o4s4M=">AAACI3icbZBLSgNBEIZ7fMb4irp00xgEV2FGfG2EiBuXEUwMZELo6VSSJj09Q3dNIAw5gAdx7VbP4E7cuPAA3sJOMguTWNDw8VcVf/UfxFIYdN0vZ2l5ZXVtPbeR39za3tkt7O3XTJRoDlUeyUjXA2ZACgVVFCihHmtgYSDhMejfjvuPA9BGROoBhzE0Q9ZVoiM4Qyu1CkVfsUAyn7cjzBBFCIb6A+DpzYheU9dOuSV3UnQRvAyKJKtKq/DjtyOehKCQS2ZMw3NjbKZMo+ASRnk/MRAz3mddaFhUzBo208lnRvTYKm3aibR9CulE/buRstCYYRjYyZBhz8z3xuJ/vUaCnatmKlScICg+NeokkmJEx8nQttDAUQ4tMK6FvZXyHtOMo81vxsWgBQ1ylM/bbLz5JBahdlryLkrn92fF8lmWUo4ckiNyQjxyScrkjlRIlXDyRF7IK3lznp1358P5nI4uOdnOAZkp5/sXN7ekQQ==</latexit>

→ ·→↑ ωA = 0
<latexit sha1_base64="pqOlDzZfQc/+v1mKFMvXvAu9Fok=">AAACG3icbZDLSsNAFIYn9VbjLeqym8EiuCqJ1MtGKLhxWcFeoAllMp22QyeTMHMilNCFD+LarT6DO3HrwkfwLZy2WdjWAwMf/zmH/8wfJoJrcN1vq7C2vrG5Vdy2d3b39g+cw6OmjlNFWYPGIlbtkGgmuGQN4CBYO1GMRKFgrXB0O+23HpnSPJYPME5YEJGB5H1OCRip65R8SUJBfOAR03PGfqI5vsFu1ym7FXdWeBW8HMoor3rX+fF7MU0jJoEKonXHcxMIMqKAU8Emtp9qlhA6IgPWMSiJ8Qyy2Scm+NQoPdyPlXkS8Ez9u5GRSOtxFJrJiMBQL/em4n+9Tgr96yDjMkmBSTo36qcCQ4ynieAeV4yCGBsgVHFzK6ZDoggFk9uCiwYDiomJbZtsvOUkVqF5XvEuKxf31XKtmqdURCV0gs6Qh65QDd2hOmogip7QC3pFb9az9W59WJ/z0YKV7xyjhbK+fgGNDKDA</latexit>

→↑→ω = 0

Fundamental identities
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Spatial discretization shallow waters
Underlying mathematical structure: de Rham complex

Example: Electromagnetics (Maxwell’s equations)

<latexit sha1_base64="+sEoL8JX/S/fjhuQ1I1bOsdQL9E=">AAACC3icbZDLSsNAFIYnXmu9VV26CRahbkpSvC0Lbrqzgr1AG8tketIOnZnEmYlQQh7BtVt9Bnfi1ofwEXwLp20WtvWHAx//OYdz+P2IUaUd59taWV1b39jMbeW3d3b39gsHh00VxpJAg4QslG0fK2BUQENTzaAdScDcZ9DyRzeTfusJpKKhuNfjCDyOB4IGlGBtLK/2kLhpqXvLYYDPeoWiU3amspfBzaCIMtV7hZ9uPyQxB6EJw0p1XCfSXoKlpoRBmu/GCiJMRngAHYMCc1BeMn06tU+N07eDUJoS2p66fzcSzJUac99McqyHarE3Mf/rdWIdXHsJFVGsQZDZoSBmtg7tSQJ2n0ogmo0NYCKp+dUmQywx0SanuStKG5DA0nzeZOMuJrEMzUrZvSxf3J0Xq5UspRw6RieohFx0haqohuqogQh6RC/oFb1Zz9a79WF9zkZXrGznCM3J+voFKSiavw==</latexit>

H
1(⌦)

<latexit sha1_base64="v9bb/y6GY+iouK3xcS6cM0KoRqI=">AAACGHicbZDLSgMxFIYz9VbrbdSN4CZYhApSZoq3ZcFNd1awF2hLyaSnbWgyMyQZoQz1QVy71WdwJ27d+Qi+hZl2Frb1h8DHf87hnPxeyJnSjvNtZVZW19Y3spu5re2d3T17/6CugkhSqNGAB7LpEQWc+VDTTHNohhKI8Dg0vNFtUm88glQs8B/0OISOIAOf9Rkl2lhd+6hSaAuih1LENJJ8co7bdwIG5Kxr552iMxVeBjeFPEpV7do/7V5AIwG+ppwo1XKdUHdiIjWjHCa5dqQgJHREBtAy6BMBqhNPfzDBp8bp4X4gzfM1nrp/J2IilBoLz3Qm16rFWmL+V2tFun/TiZkfRhp8OlvUjzjWAU7iwD0mgWo+NkCoZOZWTIdEEqpNaHNblDYggU9yOZONu5jEMtRLRfeqeHl/kS+X0pSy6BidoAJy0TUqowqqohqi6Am9oFf0Zj1b79aH9TlrzVjpzCGak/X1C4KYn7Y=</latexit>

H(curl,⌦)
<latexit sha1_base64="Q07wAHbFHj7yHycTG0ELId5riaA=">AAACF3icbZDLSgMxFIYz9VbrrerChZtgESpImSnelgU33VnBXqBTSiY9bUOTmSHJFMowD+LarT6DO3Hr0kfwLcy0XdjWHwIf/zmHc/J7IWdK2/a3lVlb39jcym7ndnb39g/yh0cNFUSSQp0GPJAtjyjgzIe6ZppDK5RAhMeh6Y3u03pzDFKxwH/SkxA6ggx81meUaGN18yfVoiuIHkoR99g4ucTug4ABuejmC3bJngqvgjOHApqr1s3/uL2ARgJ8TTlRqu3Yoe7ERGpGOSQ5N1IQEjoiA2gb9IkA1YmnH0jwuXF6uB9I83yNp+7fiZgIpSbCM53psWq5lpr/1dqR7t91YuaHkQafzhb1I451gNM0cI9JoJpPDBAqmbkV0yGRhGqT2cIWpQ1I4EkuZ7JxlpNYhUa55NyUrh+vCpXyPKUsOkVnqIgcdIsqqIpqqI4oStALekVv1rP1bn1Yn7PWjDWfOUYLsr5+AZsAnzk=</latexit>

H(div,⌦)
<latexit sha1_base64="hODrAEg2PyXR6mtrSfzPiA4WP3A=">AAACC3icbZDLSsNAFIYnXmu8VV26CRahbkpSvC0LblwIVrAXaGOZTE/boTOTODMRSsgjuHarz+BO3PoQPoJv4bTNwrb+cODjP+dwDn8QMaq0635bS8srq2vruQ17c2t7Zze/t19XYSwJ1EjIQtkMsAJGBdQ01QyakQTMAwaNYHg17jeeQCoains9isDnuC9ojxKsjeXfPCTltNi+5dDHJ518wS25EzmL4GVQQJmqnfxPuxuSmIPQhGGlWp4baT/BUlPCILXbsYIIkyHuQ8ugwByUn0yeTp1j43SdXihNCe1M3L8bCeZKjXhgJjnWAzXfG5v/9Vqx7l36CRVRrEGQ6aFezBwdOuMEnC6VQDQbGcBEUvOrQwZYYqJNTjNXlDYggaW2bbLx5pNYhHq55J2Xzu5OC5VyllIOHaIjVEQeukAVdI2qqIYIekQv6BW9Wc/Wu/VhfU5Hl6xs5wDNyPr6BTFomsQ=</latexit>

L2(⌦)

<latexit sha1_base64="YTDjYoSjXhJfqvZ19RQJ72OVerg=">AAACAnicbZDJSgNBEIZr4hbjFvXopTEInsKMuB0DXjxGMAskQ+jp1GSa9Cx09whhyM2zV30Gb+LVF/ERfAt7kjmYxB8aPv6qoqp/LxFcadv+tkpr6xubW+Xtys7u3v5B9fCoreJUMmyxWMSy61GFgkfY0lwL7CYSaegJ7Hjju7zeeUKpeBw96kmCbkhHEfc5ozq3+knAB9WaXbdnIqvgFFCDQs1B9ac/jFkaYqSZoEr1HDvRbkal5kzgtNJPFSaUjekIewYjGqJys9mtU3JmnCHxY2lepMnM/TuR0VCpSeiZzpDqQC3XcvO/Wi/V/q2b8ShJNUZsvshPBdExyT9Ohlwi02JigDLJza2EBVRSpk08C1uUNiBRTCsVk42znMQqtC/qznX96uGy1rCLlMpwAqdwDg7cQAPuoQktYBDAC7zCm/VsvVsf1ue8tWQVM8ewIOvrF0txl5s=</latexit>

�
<latexit sha1_base64="QwPyqliMszB8FgXpWZhXSDkI8Tk=">AAACAnicbZDLSgMxFIYz9VbrrerSTbAIrsqMeFsW3LisYC/QDiWTnumEZpIhyQhl6M61W30Gd+LWF/ERfAsz7Sxs6w+Bj/+cwzn5g4QzbVz32ymtrW9sbpW3Kzu7e/sH1cOjtpapotCikkvVDYgGzgS0DDMcuokCEgccOsH4Lq93nkBpJsWjmSTgx2QkWMgoMbnVV5EcVGtu3Z0Jr4JXQA0Vag6qP/2hpGkMwlBOtO55bmL8jCjDKIdppZ9qSAgdkxH0LAoSg/az2a1TfGadIQ6lsk8YPHP/TmQk1noSB7YzJibSy7Xc/K/WS01462dMJKkBQeeLwpRjI3H+cTxkCqjhEwuEKmZvxTQiilBj41nYoo0FBXxaqdhsvOUkVqF9Ufeu61cPl7WGW6RURifoFJ0jD92gBrpHTdRCFEXoBb2iN+fZeXc+nM95a8kpZo7RgpyvX1hNl6M=</latexit>⇢<latexit sha1_base64="HEUYVzaLjY10T6foI37qFcUbVqw=">AAACBXicbZDLSsNAFIYn9VbrrerSTbAIrkoi3pYFEVxWsBdoQ5lMT9qhk0mYOSmUkLVrt/oM7sStz+Ej+BZO2yxs6w8DH/85h3Pm92PBNTrOt1VYW9/Y3Cpul3Z29/YPyodHTR0likGDRSJSbZ9qEFxCAzkKaMcKaOgLaPmju2m9NQaleSSfcBKDF9KB5AFnFI3V6o6BpfdZr1xxqs5M9iq4OVRIrnqv/NPtRywJQSITVOuO68TopVQhZwKyUjfREFM2ogPoGJQ0BO2ls3Mz+8w4fTuIlHkS7Zn7dyKlodaT0DedIcWhXq5Nzf9qnQSDWy/lMk4QJJsvChJhY2RP/273uQKGYmKAMsXNrTYbUkUZmoQWtmg0oEBkpZLJxl1OYhWaF1X3unr1eFmpOXlKRXJCTsk5cckNqZEHUicNwsiIvJBX8mY9W+/Wh/U5by1Y+cwxWZD19Qu4yJjz</latexit>

~E
<latexit sha1_base64="AAPVRG5IU0xq4XRjGdoSngoTj0Q=">AAACBXicbZDLSsNAFIYn9VbrrerSTbAIrkoi3pYFN11WsBdoQ5lMT9qhk0mYOSmUkLVrt/oM7sStz+Ej+BZO2yxs6w8DH/85h3Pm92PBNTrOt1XY2Nza3inulvb2Dw6PyscnLR0likGTRSJSHZ9qEFxCEzkK6MQKaOgLaPvjh1m9PQGleSSfcBqDF9Kh5AFnFI3V7k2ApfWsX644VWcuex3cHCokV6Nf/ukNIpaEIJEJqnXXdWL0UqqQMwFZqZdoiCkb0yF0DUoagvbS+bmZfWGcgR1EyjyJ9tz9O5HSUOtp6JvOkOJIr9Zm5n+1boLBvZdyGScIki0WBYmwMbJnf7cHXAFDMTVAmeLmVpuNqKIMTUJLWzQaUCCyUslk464msQ6tq6p7W715vK7UnDylIjkj5+SSuOSO1EidNEiTMDImL+SVvFnP1rv1YX0uWgtWPnNKlmR9/QK9nJj2</latexit>

~H

<latexit sha1_base64="2z7rIIwo9PFtFTVJVEuBUQ51nnE=">AAACBXicbZDLSsNAFIYn9VbrrerSTbAIrkoi3pZFNy4r2Au0oUymJ+3QySTMnBRKyNq1W30Gd+LW5/ARfAunbRa29YeBj/+cwznz+7HgGh3n2yqsrW9sbhW3Szu7e/sH5cOjpo4SxaDBIhGptk81CC6hgRwFtGMFNPQFtPzR/bTeGoPSPJJPOInBC+lA8oAzisZqdcfA0rusV644VWcmexXcHCokV71X/un2I5aEIJEJqnXHdWL0UqqQMwFZqZtoiCkb0QF0DEoagvbS2bmZfWacvh1EyjyJ9sz9O5HSUOtJ6JvOkOJQL9em5n+1ToLBrZdyGScIks0XBYmwMbKnf7f7XAFDMTFAmeLmVpsNqaIMTUILWzQaUCCyUslk4y4nsQrNi6p7Xb16vKzUnDylIjkhp+ScuOSG1MgDqZMGYWREXsgrebOerXfrw/qctxasfOaYLMj6+gWz9Jjw</latexit>

~B
<latexit sha1_base64="kH2xflsTwbbi1c5eKQj5QsWhCMs=">AAACBXicbZDLSsNAFIYn9VbrrerSTbAIrkoi3pYFXbisYC/QhjKZnrRDJ5Mwc1IoIWvXbvUZ3Ilbn8NH8C2ctlnY1h8GPv5zDufM78eCa3Scb6uwtr6xuVXcLu3s7u0flA+PmjpKFIMGi0Sk2j7VILiEBnIU0I4V0NAX0PJHd9N6awxK80g+4SQGL6QDyQPOKBqr1R0DS++zXrniVJ2Z7FVwc6iQXPVe+afbj1gSgkQmqNYd14nRS6lCzgRkpW6iIaZsRAfQMShpCNpLZ+dm9plx+nYQKfMk2jP370RKQ60noW86Q4pDvVybmv/VOgkGt17KZZwgSDZfFCTCxsie/t3ucwUMxcQAZYqbW202pIoyNAktbNFoQIHISiWTjbucxCo0L6rudfXq8bJSc/KUiuSEnJJz4pIbUiMPpE4ahJEReSGv5M16tt6tD+tz3lqw8pljsiDr6xe3LJjy</latexit>

~D
<latexit sha1_base64="OPT1NIBs24NyEKQt4Gb9JIdDNV0=">AAACBXicbZDLSsNAFIYn9VbrrerSTbAIrkoi3pYFN+Kqgr1AG8pketIOnUzCzEmhhKxdu9VncCdufQ4fwbdw2mZhW38Y+PjPOZwzvx8LrtFxvq3C2vrG5lZxu7Szu7d/UD48auooUQwaLBKRavtUg+ASGshRQDtWQENfQMsf3U3rrTEozSP5hJMYvJAOJA84o2isVncMLH3IeuWKU3VmslfBzaFCctV75Z9uP2JJCBKZoFp3XCdGL6UKOROQlbqJhpiyER1Ax6CkIWgvnZ2b2WfG6dtBpMyTaM/cvxMpDbWehL7pDCkO9XJtav5X6yQY3Hopl3GCINl8UZAIGyN7+ne7zxUwFBMDlClubrXZkCrK0CS0sEWjAQUiK5VMNu5yEqvQvKi619Wrx8tKzclTKpITckrOiUtuSI3ckzppEEZG5IW8kjfr2Xq3PqzPeWvBymeOyYKsr1/A1Jj4</latexit>

~J

Such that:
<latexit sha1_base64="wIWwXS3ha0PBvRp3ki9UUSXdTPs=">AAACK3icbVDLSgMxFM34tr6qLt0EiyAoZUZ8LQsiuFSwD+iUkklvbWgmMyR3CmWYj/BDXLvVb3CluHXhX5jWWdjWA4HDOfdybk4QS2HQdd+dufmFxaXlldXC2vrG5lZxe6dmokRzqPJIRroRMANSKKiiQAmNWAMLAwn1oH818usD0EZE6h6HMbRC9qBEV3CGVmoXj3zFAsl8FCEY6g+Ap9fZMfWP/+pj+SZrF0tu2R2DzhIvJyWS47Zd/PY7EU9CUMglM6bpuTG2UqZRcAlZwU8MxIz32QM0LVXMZrXS8acyemCVDu1G2j6FdKz+3UhZaMwwDOxkyLBnpr2R+J/XTLB72UqFihMExX+DuomkGNFRQ7QjNHCUQ0sY18LeSnmPacbR9jiRYtASDTIrFGw33nQTs6R2UvbOy2d3p6WKm7e0QvbIPjkkHrkgFXJDbkmVcPJInskLeXWenDfnw/n8HZ1z8p1dMgHn6wdmD6gK</latexit>

r⇥ ~E, r⇥ ~H

<latexit sha1_base64="3U11DEDYzTiMIgIBTUg29yTypfc=">AAACQHicbZA9SwNBEIb3/IzxK2ppsxgECwl34lcZ1EKsIphEyIWwt5no4t7esTsXCMf9HX+Ita2C/0ArsbVyc0lhoi8svDwzw8y+QSyFQdd9c2Zm5+YXFgtLxeWV1bX10sZmw0SJ5lDnkYz0bcAMSKGgjgIl3MYaWBhIaAYP58N6sw/aiEjd4CCGdsjulOgJztCiTqnqKxZI5vNuhNTvA0/Psn3q7//COb3IKZ3GV1mnVHYrbi7613hjUyZj1TqlD78b8SQEhVwyY1qeG2M7ZRoFl5AV/cRAzPgDu4OWtYqFYNpp/tOM7lrSpb1I26eQ5vT3RMpCYwZhYDtDhvdmujaE/9VaCfZO26lQcYKg+GhRL5EUIzqMjXaFBo5yYA3jWthbKb9nmnG04U5sMWiNBpkVizYbbzqJv6ZxUPGOK0fXh+WqO06pQLbJDtkjHjkhVXJJaqROOHkkz+SFvDpPzrvz6XyNWmec8cwWmZDz/QOgsrAV</latexit>

r · ~B, r · ~D, r · ~J make sense.
<latexit sha1_base64="lvYSQBNLTtvLKdx1eXwH1zsKZq0=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMeFsW3LisYC8wM5QzaaYNzSRDkhHK0Cdw7VafwZ249Sl8BN/CtJ2Fbf0h8PGfczgnf5Rypo3rfjultfWNza3ydmVnd2//oHp41NYyU4S2iORSdSPQlDNBW4YZTrupopBEnHai0d203nmiSjMpHs04pWECA8FiRsBYyw8ERBxwkA5Zr1pz6+5MeBW8AmqoULNX/Qn6kmQJFYZw0Nr33NSEOSjDCKeTSpBpmgIZwYD6FgUkVIf57OQJPrNOH8dS2ScMnrl/J3JItB4nke1MwAz1cm1q/lfzMxPfhjkTaWaoIPNFccaxkXj6f9xnihLDxxaAKGZvxWQICoixKS1s0caConxSqdhsvOUkVqF9Ufeu61cPl7WGW6RURifoFJ0jD92gBrpHTdRCBEn0gl7Rm/PsvDsfzue8teQUM8doQc7XL1rkmls=</latexit>

r�
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Spatial discretization shallow waters
Underlying mathematical structure: de Rham complex

<latexit sha1_base64="+sEoL8JX/S/fjhuQ1I1bOsdQL9E=">AAACC3icbZDLSsNAFIYnXmu9VV26CRahbkpSvC0Lbrqzgr1AG8tketIOnZnEmYlQQh7BtVt9Bnfi1ofwEXwLp20WtvWHAx//OYdz+P2IUaUd59taWV1b39jMbeW3d3b39gsHh00VxpJAg4QslG0fK2BUQENTzaAdScDcZ9DyRzeTfusJpKKhuNfjCDyOB4IGlGBtLK/2kLhpqXvLYYDPeoWiU3amspfBzaCIMtV7hZ9uPyQxB6EJw0p1XCfSXoKlpoRBmu/GCiJMRngAHYMCc1BeMn06tU+N07eDUJoS2p66fzcSzJUac99McqyHarE3Mf/rdWIdXHsJFVGsQZDZoSBmtg7tSQJ2n0ogmo0NYCKp+dUmQywx0SanuStKG5DA0nzeZOMuJrEMzUrZvSxf3J0Xq5UspRw6RieohFx0haqohuqogQh6RC/oFb1Zz9a79WF9zkZXrGznCM3J+voFKSiavw==</latexit>

H
1(⌦)

<latexit sha1_base64="v9bb/y6GY+iouK3xcS6cM0KoRqI=">AAACGHicbZDLSgMxFIYz9VbrbdSN4CZYhApSZoq3ZcFNd1awF2hLyaSnbWgyMyQZoQz1QVy71WdwJ27d+Qi+hZl2Frb1h8DHf87hnPxeyJnSjvNtZVZW19Y3spu5re2d3T17/6CugkhSqNGAB7LpEQWc+VDTTHNohhKI8Dg0vNFtUm88glQs8B/0OISOIAOf9Rkl2lhd+6hSaAuih1LENJJ8co7bdwIG5Kxr552iMxVeBjeFPEpV7do/7V5AIwG+ppwo1XKdUHdiIjWjHCa5dqQgJHREBtAy6BMBqhNPfzDBp8bp4X4gzfM1nrp/J2IilBoLz3Qm16rFWmL+V2tFun/TiZkfRhp8OlvUjzjWAU7iwD0mgWo+NkCoZOZWTIdEEqpNaHNblDYggU9yOZONu5jEMtRLRfeqeHl/kS+X0pSy6BidoAJy0TUqowqqohqi6Am9oFf0Zj1b79aH9TlrzVjpzCGak/X1C4KYn7Y=</latexit>

H(curl,⌦)
<latexit sha1_base64="Q07wAHbFHj7yHycTG0ELId5riaA=">AAACF3icbZDLSgMxFIYz9VbrrerChZtgESpImSnelgU33VnBXqBTSiY9bUOTmSHJFMowD+LarT6DO3Hr0kfwLcy0XdjWHwIf/zmHc/J7IWdK2/a3lVlb39jcym7ndnb39g/yh0cNFUSSQp0GPJAtjyjgzIe6ZppDK5RAhMeh6Y3u03pzDFKxwH/SkxA6ggx81meUaGN18yfVoiuIHkoR99g4ucTug4ABuejmC3bJngqvgjOHApqr1s3/uL2ARgJ8TTlRqu3Yoe7ERGpGOSQ5N1IQEjoiA2gb9IkA1YmnH0jwuXF6uB9I83yNp+7fiZgIpSbCM53psWq5lpr/1dqR7t91YuaHkQafzhb1I451gNM0cI9JoJpPDBAqmbkV0yGRhGqT2cIWpQ1I4EkuZ7JxlpNYhUa55NyUrh+vCpXyPKUsOkVnqIgcdIsqqIpqqI4oStALekVv1rP1bn1Yn7PWjDWfOUYLsr5+AZsAnzk=</latexit>

H(div,⌦)
<latexit sha1_base64="hODrAEg2PyXR6mtrSfzPiA4WP3A=">AAACC3icbZDLSsNAFIYnXmu8VV26CRahbkpSvC0LblwIVrAXaGOZTE/boTOTODMRSsgjuHarz+BO3PoQPoJv4bTNwrb+cODjP+dwDn8QMaq0635bS8srq2vruQ17c2t7Zze/t19XYSwJ1EjIQtkMsAJGBdQ01QyakQTMAwaNYHg17jeeQCoains9isDnuC9ojxKsjeXfPCTltNi+5dDHJ518wS25EzmL4GVQQJmqnfxPuxuSmIPQhGGlWp4baT/BUlPCILXbsYIIkyHuQ8ugwByUn0yeTp1j43SdXihNCe1M3L8bCeZKjXhgJjnWAzXfG5v/9Vqx7l36CRVRrEGQ6aFezBwdOuMEnC6VQDQbGcBEUvOrQwZYYqJNTjNXlDYggaW2bbLx5pNYhHq55J2Xzu5OC5VyllIOHaIjVEQeukAVdI2qqIYIekQv6BW9Wc/Wu/VhfU5Hl6xs5wDNyPr6BTFomsQ=</latexit>

L2(⌦)

<latexit sha1_base64="YTDjYoSjXhJfqvZ19RQJ72OVerg=">AAACAnicbZDJSgNBEIZr4hbjFvXopTEInsKMuB0DXjxGMAskQ+jp1GSa9Cx09whhyM2zV30Gb+LVF/ERfAt7kjmYxB8aPv6qoqp/LxFcadv+tkpr6xubW+Xtys7u3v5B9fCoreJUMmyxWMSy61GFgkfY0lwL7CYSaegJ7Hjju7zeeUKpeBw96kmCbkhHEfc5ozq3+knAB9WaXbdnIqvgFFCDQs1B9ac/jFkaYqSZoEr1HDvRbkal5kzgtNJPFSaUjekIewYjGqJys9mtU3JmnCHxY2lepMnM/TuR0VCpSeiZzpDqQC3XcvO/Wi/V/q2b8ShJNUZsvshPBdExyT9Ohlwi02JigDLJza2EBVRSpk08C1uUNiBRTCsVk42znMQqtC/qznX96uGy1rCLlMpwAqdwDg7cQAPuoQktYBDAC7zCm/VsvVsf1ue8tWQVM8ewIOvrF0txl5s=</latexit>

�
<latexit sha1_base64="QwPyqliMszB8FgXpWZhXSDkI8Tk=">AAACAnicbZDLSgMxFIYz9VbrrerSTbAIrsqMeFsW3LisYC/QDiWTnumEZpIhyQhl6M61W30Gd+LWF/ERfAsz7Sxs6w+Bj/+cwzn5g4QzbVz32ymtrW9sbpW3Kzu7e/sH1cOjtpapotCikkvVDYgGzgS0DDMcuokCEgccOsH4Lq93nkBpJsWjmSTgx2QkWMgoMbnVV5EcVGtu3Z0Jr4JXQA0Vag6qP/2hpGkMwlBOtO55bmL8jCjDKIdppZ9qSAgdkxH0LAoSg/az2a1TfGadIQ6lsk8YPHP/TmQk1noSB7YzJibSy7Xc/K/WS01462dMJKkBQeeLwpRjI3H+cTxkCqjhEwuEKmZvxTQiilBj41nYoo0FBXxaqdhsvOUkVqF9Ufeu61cPl7WGW6RURifoFJ0jD92gBrpHTdRCFEXoBb2iN+fZeXc+nM95a8kpZo7RgpyvX1hNl6M=</latexit>⇢<latexit sha1_base64="HEUYVzaLjY10T6foI37qFcUbVqw=">AAACBXicbZDLSsNAFIYn9VbrrerSTbAIrkoi3pYFEVxWsBdoQ5lMT9qhk0mYOSmUkLVrt/oM7sStz+Ej+BZO2yxs6w8DH/85h3Pm92PBNTrOt1VYW9/Y3Cpul3Z29/YPyodHTR0likGDRSJSbZ9qEFxCAzkKaMcKaOgLaPmju2m9NQaleSSfcBKDF9KB5AFnFI3V6o6BpfdZr1xxqs5M9iq4OVRIrnqv/NPtRywJQSITVOuO68TopVQhZwKyUjfREFM2ogPoGJQ0BO2ls3Mz+8w4fTuIlHkS7Zn7dyKlodaT0DedIcWhXq5Nzf9qnQSDWy/lMk4QJJsvChJhY2RP/273uQKGYmKAMsXNrTYbUkUZmoQWtmg0oEBkpZLJxl1OYhWaF1X3unr1eFmpOXlKRXJCTsk5cckNqZEHUicNwsiIvJBX8mY9W+/Wh/U5by1Y+cwxWZD19Qu4yJjz</latexit>

~E
<latexit sha1_base64="AAPVRG5IU0xq4XRjGdoSngoTj0Q=">AAACBXicbZDLSsNAFIYn9VbrrerSTbAIrkoi3pYFN11WsBdoQ5lMT9qhk0mYOSmUkLVrt/oM7sStz+Ej+BZO2yxs6w8DH/85h3Pm92PBNTrOt1XY2Nza3inulvb2Dw6PyscnLR0likGTRSJSHZ9qEFxCEzkK6MQKaOgLaPvjh1m9PQGleSSfcBqDF9Kh5AFnFI3V7k2ApfWsX644VWcuex3cHCokV6Nf/ukNIpaEIJEJqnXXdWL0UqqQMwFZqZdoiCkb0yF0DUoagvbS+bmZfWGcgR1EyjyJ9tz9O5HSUOtp6JvOkOJIr9Zm5n+1boLBvZdyGScIki0WBYmwMbJnf7cHXAFDMTVAmeLmVpuNqKIMTUJLWzQaUCCyUslk464msQ6tq6p7W715vK7UnDylIjkj5+SSuOSO1EidNEiTMDImL+SVvFnP1rv1YX0uWgtWPnNKlmR9/QK9nJj2</latexit>

~H

<latexit sha1_base64="2z7rIIwo9PFtFTVJVEuBUQ51nnE=">AAACBXicbZDLSsNAFIYn9VbrrerSTbAIrkoi3pZFNy4r2Au0oUymJ+3QySTMnBRKyNq1W30Gd+LW5/ARfAunbRa29YeBj/+cwznz+7HgGh3n2yqsrW9sbhW3Szu7e/sH5cOjpo4SxaDBIhGptk81CC6hgRwFtGMFNPQFtPzR/bTeGoPSPJJPOInBC+lA8oAzisZqdcfA0rusV644VWcmexXcHCokV71X/un2I5aEIJEJqnXHdWL0UqqQMwFZqZtoiCkb0QF0DEoagvbS2bmZfWacvh1EyjyJ9sz9O5HSUOtJ6JvOkOJQL9em5n+1ToLBrZdyGScIks0XBYmwMbKnf7f7XAFDMTFAmeLmVpsNqaIMTUILWzQaUCCyUslk4y4nsQrNi6p7Xb16vKzUnDylIjkhp+ScuOSG1MgDqZMGYWREXsgrebOerXfrw/qctxasfOaYLMj6+gWz9Jjw</latexit>

~B
<latexit sha1_base64="kH2xflsTwbbi1c5eKQj5QsWhCMs=">AAACBXicbZDLSsNAFIYn9VbrrerSTbAIrkoi3pYFXbisYC/QhjKZnrRDJ5Mwc1IoIWvXbvUZ3Ilbn8NH8C2ctlnY1h8GPv5zDufM78eCa3Scb6uwtr6xuVXcLu3s7u0flA+PmjpKFIMGi0Sk2j7VILiEBnIU0I4V0NAX0PJHd9N6awxK80g+4SQGL6QDyQPOKBqr1R0DS++zXrniVJ2Z7FVwc6iQXPVe+afbj1gSgkQmqNYd14nRS6lCzgRkpW6iIaZsRAfQMShpCNpLZ+dm9plx+nYQKfMk2jP370RKQ60noW86Q4pDvVybmv/VOgkGt17KZZwgSDZfFCTCxsie/t3ucwUMxcQAZYqbW202pIoyNAktbNFoQIHISiWTjbucxCo0L6rudfXq8bJSc/KUiuSEnJJz4pIbUiMPpE4ahJEReSGv5M16tt6tD+tz3lqw8pljsiDr6xe3LJjy</latexit>

~D
<latexit sha1_base64="OPT1NIBs24NyEKQt4Gb9JIdDNV0=">AAACBXicbZDLSsNAFIYn9VbrrerSTbAIrkoi3pYFN+Kqgr1AG8pketIOnUzCzEmhhKxdu9VncCdufQ4fwbdw2mZhW38Y+PjPOZwzvx8LrtFxvq3C2vrG5lZxu7Szu7d/UD48auooUQwaLBKRavtUg+ASGshRQDtWQENfQMsf3U3rrTEozSP5hJMYvJAOJA84o2isVncMLH3IeuWKU3VmslfBzaFCctV75Z9uP2JJCBKZoFp3XCdGL6UKOROQlbqJhpiyER1Ax6CkIWgvnZ2b2WfG6dtBpMyTaM/cvxMpDbWehL7pDCkO9XJtav5X6yQY3Hopl3GCINl8UZAIGyN7+ne7zxUwFBMDlClubrXZkCrK0CS0sEWjAQUiK5VMNu5yEqvQvKi619Wrx8tKzclTKpITckrOiUtuSI3ckzppEEZG5IW8kjfr2Xq3PqzPeWvBymeOyYKsr1/A1Jj4</latexit>

~J

Such that: make sense.

<latexit sha1_base64="Hv/np4Z4U1lXThb/PtP+O4z0/G8=">AAACGXicbVDLSsNAFJ34rPVVdSVugkWom5KIr2XBjcsq9gFNKTfTaTt0MgkzN0IJxQ9x7Va/wZ24deUn+BdO2ixs64GBwzn3cu4cPxJco+N8W0vLK6tr67mN/ObW9s5uYW+/rsNYUVajoQhV0wfNBJeshhwFa0aKQeAL1vCHN6nfeGRK81A+4Chi7QD6kvc4BTRSp3DoBYADCiK5H5c8Cb4AD3nA9GmnUHTKzgT2InEzUiQZqp3Cj9cNaRwwiVSA1i3XibCdgEJOBRvnvVizCOgQ+qxlqAST0k4mXxjbJ0bp2r1QmSfRnqh/NxIItB4FvplMD9bzXir+57Vi7F23Ey6jGJmk06BeLGwM7bQPu8sVoyhGhgBV3Nxq0wEooGham0nRaIhiYpzPm27c+SYWSf2s7F6WL+7Oi5VS1lKOHJFjUiIuuSIVckuqpEYoeSIv5JW8Wc/Wu/VhfU5Hl6xs54DMwPr6BS9WoKI=</latexit>

R(r⇥)

<latexit sha1_base64="3scDWcmYQGEWUdMGoUOvff978DA=">AAACCnicbVDLSsNAFJ3UV42vqks3wSK4Kon4WhbcuKxgH9CEMpnetEMnkzBzI5TQP3DtVr/Bnbj1J/wE/8Jpm4VtPXDhcM69nMsJU8E1uu63VVpb39jcKm/bO7t7+weVw6OWTjLFoMkSkahOSDUILqGJHAV0UgU0DgW0w9Hd1G8/gdI8kY84TiGI6UDyiDOKRvJ9SUNBfeQx6F6l6tbcGZxV4hWkSgo0epUfv5+wLAaJTFCtu56bYpBThZwJmNh+piGlbEQH0DVUUhMS5LOfJ86ZUfpOlCgzEp2Z+vcip7HW4zg0mzHFoV72puJ/XjfD6DbIuUwzBMnmQVEmHEycaQFOnytgKMaGUKa4+dVhQ6ooQ1PTQopGQxSIiW2bbrzlJlZJ66LmXdeuHi6rdbdoqUxOyCk5Jx65IXVyTxqkSRhJyQt5JW/Ws/VufVif89WSVdwckwVYX7+7cZsm</latexit>

r⇥

<latexit sha1_base64="hOrtFjfTaEneUfHPuJCCcWMEcTA=">AAACQXicdZBNS8NAEIY3ftb6VfXoZbEIHkpJxK9jRYQeK1gVmlI222ld3GzC7qRQQn6PP8SzV8Wf0Jt49eK25mCtDiw8vPMOM/sGsRQGXffNmZtfWFxaLqwUV9fWNzZLW9s3Jko0hyaPZKTvAmZACgVNFCjhLtbAwkDCbfBwMe7fDkAbEalrHMbQDllfiZ7gDK3UKZ37igWS+bwbYY4oQjDUHwBPL7MK9Sv/WCaOetYpld2qOyk6C14OZZJXo1Ma+d2IJyEo5JIZ0/LcGNsp0yi4hKzoJwZixh9YH1oWFbO72unkqxndt0qX9iJtn0I6UX9OpCw0ZhgG1hkyvDe/e2Pxr14rwd5ZOxUqThAU/17USyTFiI5zo12hgaMcWmBcC3sr5fdMM4423aktBi1okFmxaLPxficxCzeHVe+kenx1VK65eUoFskv2yAHxyCmpkTppkCbh5JE8kxfy6jw5I+fd+fi2zjn5zA6ZKufzC3XhsaY=</latexit>

r ·r⇥ ~E, r ·r⇥ ~H

Example: Electromagnetics (Maxwell’s equations)
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Spatial discretization shallow waters
Underlying mathematical structure: de Rham complex

<latexit sha1_base64="+sEoL8JX/S/fjhuQ1I1bOsdQL9E=">AAACC3icbZDLSsNAFIYnXmu9VV26CRahbkpSvC0Lbrqzgr1AG8tketIOnZnEmYlQQh7BtVt9Bnfi1ofwEXwLp20WtvWHAx//OYdz+P2IUaUd59taWV1b39jMbeW3d3b39gsHh00VxpJAg4QslG0fK2BUQENTzaAdScDcZ9DyRzeTfusJpKKhuNfjCDyOB4IGlGBtLK/2kLhpqXvLYYDPeoWiU3amspfBzaCIMtV7hZ9uPyQxB6EJw0p1XCfSXoKlpoRBmu/GCiJMRngAHYMCc1BeMn06tU+N07eDUJoS2p66fzcSzJUac99McqyHarE3Mf/rdWIdXHsJFVGsQZDZoSBmtg7tSQJ2n0ogmo0NYCKp+dUmQywx0SanuStKG5DA0nzeZOMuJrEMzUrZvSxf3J0Xq5UspRw6RieohFx0haqohuqogQh6RC/oFb1Zz9a79WF9zkZXrGznCM3J+voFKSiavw==</latexit>

H
1(⌦)

<latexit sha1_base64="v9bb/y6GY+iouK3xcS6cM0KoRqI=">AAACGHicbZDLSgMxFIYz9VbrbdSN4CZYhApSZoq3ZcFNd1awF2hLyaSnbWgyMyQZoQz1QVy71WdwJ27d+Qi+hZl2Frb1h8DHf87hnPxeyJnSjvNtZVZW19Y3spu5re2d3T17/6CugkhSqNGAB7LpEQWc+VDTTHNohhKI8Dg0vNFtUm88glQs8B/0OISOIAOf9Rkl2lhd+6hSaAuih1LENJJ8co7bdwIG5Kxr552iMxVeBjeFPEpV7do/7V5AIwG+ppwo1XKdUHdiIjWjHCa5dqQgJHREBtAy6BMBqhNPfzDBp8bp4X4gzfM1nrp/J2IilBoLz3Qm16rFWmL+V2tFun/TiZkfRhp8OlvUjzjWAU7iwD0mgWo+NkCoZOZWTIdEEqpNaHNblDYggU9yOZONu5jEMtRLRfeqeHl/kS+X0pSy6BidoAJy0TUqowqqohqi6Am9oFf0Zj1b79aH9TlrzVjpzCGak/X1C4KYn7Y=</latexit>

H(curl,⌦)
<latexit sha1_base64="Q07wAHbFHj7yHycTG0ELId5riaA=">AAACF3icbZDLSgMxFIYz9VbrrerChZtgESpImSnelgU33VnBXqBTSiY9bUOTmSHJFMowD+LarT6DO3Hr0kfwLcy0XdjWHwIf/zmHc/J7IWdK2/a3lVlb39jcym7ndnb39g/yh0cNFUSSQp0GPJAtjyjgzIe6ZppDK5RAhMeh6Y3u03pzDFKxwH/SkxA6ggx81meUaGN18yfVoiuIHkoR99g4ucTug4ABuejmC3bJngqvgjOHApqr1s3/uL2ARgJ8TTlRqu3Yoe7ERGpGOSQ5N1IQEjoiA2gb9IkA1YmnH0jwuXF6uB9I83yNp+7fiZgIpSbCM53psWq5lpr/1dqR7t91YuaHkQafzhb1I451gNM0cI9JoJpPDBAqmbkV0yGRhGqT2cIWpQ1I4EkuZ7JxlpNYhUa55NyUrh+vCpXyPKUsOkVnqIgcdIsqqIpqqI4oStALekVv1rP1bn1Yn7PWjDWfOUYLsr5+AZsAnzk=</latexit>

H(div,⌦)
<latexit sha1_base64="hODrAEg2PyXR6mtrSfzPiA4WP3A=">AAACC3icbZDLSsNAFIYnXmu8VV26CRahbkpSvC0LblwIVrAXaGOZTE/boTOTODMRSsgjuHarz+BO3PoQPoJv4bTNwrb+cODjP+dwDn8QMaq0635bS8srq2vruQ17c2t7Zze/t19XYSwJ1EjIQtkMsAJGBdQ01QyakQTMAwaNYHg17jeeQCoains9isDnuC9ojxKsjeXfPCTltNi+5dDHJ518wS25EzmL4GVQQJmqnfxPuxuSmIPQhGGlWp4baT/BUlPCILXbsYIIkyHuQ8ugwByUn0yeTp1j43SdXihNCe1M3L8bCeZKjXhgJjnWAzXfG5v/9Vqx7l36CRVRrEGQ6aFezBwdOuMEnC6VQDQbGcBEUvOrQwZYYqJNTjNXlDYggaW2bbLx5pNYhHq55J2Xzu5OC5VyllIOHaIjVEQeukAVdI2qqIYIekQv6BW9Wc/Wu/VhfU5Hl6xs5wDNyPr6BTFomsQ=</latexit>

L2(⌦)

<latexit sha1_base64="YTDjYoSjXhJfqvZ19RQJ72OVerg=">AAACAnicbZDJSgNBEIZr4hbjFvXopTEInsKMuB0DXjxGMAskQ+jp1GSa9Cx09whhyM2zV30Gb+LVF/ERfAt7kjmYxB8aPv6qoqp/LxFcadv+tkpr6xubW+Xtys7u3v5B9fCoreJUMmyxWMSy61GFgkfY0lwL7CYSaegJ7Hjju7zeeUKpeBw96kmCbkhHEfc5ozq3+knAB9WaXbdnIqvgFFCDQs1B9ac/jFkaYqSZoEr1HDvRbkal5kzgtNJPFSaUjekIewYjGqJys9mtU3JmnCHxY2lepMnM/TuR0VCpSeiZzpDqQC3XcvO/Wi/V/q2b8ShJNUZsvshPBdExyT9Ohlwi02JigDLJza2EBVRSpk08C1uUNiBRTCsVk42znMQqtC/qznX96uGy1rCLlMpwAqdwDg7cQAPuoQktYBDAC7zCm/VsvVsf1ue8tWQVM8ewIOvrF0txl5s=</latexit>

�
<latexit sha1_base64="QwPyqliMszB8FgXpWZhXSDkI8Tk=">AAACAnicbZDLSgMxFIYz9VbrrerSTbAIrsqMeFsW3LisYC/QDiWTnumEZpIhyQhl6M61W30Gd+LWF/ERfAsz7Sxs6w+Bj/+cwzn5g4QzbVz32ymtrW9sbpW3Kzu7e/sH1cOjtpapotCikkvVDYgGzgS0DDMcuokCEgccOsH4Lq93nkBpJsWjmSTgx2QkWMgoMbnVV5EcVGtu3Z0Jr4JXQA0Vag6qP/2hpGkMwlBOtO55bmL8jCjDKIdppZ9qSAgdkxH0LAoSg/az2a1TfGadIQ6lsk8YPHP/TmQk1noSB7YzJibSy7Xc/K/WS01462dMJKkBQeeLwpRjI3H+cTxkCqjhEwuEKmZvxTQiilBj41nYoo0FBXxaqdhsvOUkVqF9Ufeu61cPl7WGW6RURifoFJ0jD92gBrpHTdRCFEXoBb2iN+fZeXc+nM95a8kpZo7RgpyvX1hNl6M=</latexit>⇢<latexit sha1_base64="HEUYVzaLjY10T6foI37qFcUbVqw=">AAACBXicbZDLSsNAFIYn9VbrrerSTbAIrkoi3pYFEVxWsBdoQ5lMT9qhk0mYOSmUkLVrt/oM7sStz+Ej+BZO2yxs6w8DH/85h3Pm92PBNTrOt1VYW9/Y3Cpul3Z29/YPyodHTR0likGDRSJSbZ9qEFxCAzkKaMcKaOgLaPmju2m9NQaleSSfcBKDF9KB5AFnFI3V6o6BpfdZr1xxqs5M9iq4OVRIrnqv/NPtRywJQSITVOuO68TopVQhZwKyUjfREFM2ogPoGJQ0BO2ls3Mz+8w4fTuIlHkS7Zn7dyKlodaT0DedIcWhXq5Nzf9qnQSDWy/lMk4QJJsvChJhY2RP/273uQKGYmKAMsXNrTYbUkUZmoQWtmg0oEBkpZLJxl1OYhWaF1X3unr1eFmpOXlKRXJCTsk5cckNqZEHUicNwsiIvJBX8mY9W+/Wh/U5by1Y+cwxWZD19Qu4yJjz</latexit>

~E
<latexit sha1_base64="AAPVRG5IU0xq4XRjGdoSngoTj0Q=">AAACBXicbZDLSsNAFIYn9VbrrerSTbAIrkoi3pYFN11WsBdoQ5lMT9qhk0mYOSmUkLVrt/oM7sStz+Ej+BZO2yxs6w8DH/85h3Pm92PBNTrOt1XY2Nza3inulvb2Dw6PyscnLR0likGTRSJSHZ9qEFxCEzkK6MQKaOgLaPvjh1m9PQGleSSfcBqDF9Kh5AFnFI3V7k2ApfWsX644VWcuex3cHCokV6Nf/ukNIpaEIJEJqnXXdWL0UqqQMwFZqZdoiCkb0yF0DUoagvbS+bmZfWGcgR1EyjyJ9tz9O5HSUOtp6JvOkOJIr9Zm5n+1boLBvZdyGScIki0WBYmwMbJnf7cHXAFDMTVAmeLmVpuNqKIMTUJLWzQaUCCyUslk464msQ6tq6p7W715vK7UnDylIjkj5+SSuOSO1EidNEiTMDImL+SVvFnP1rv1YX0uWgtWPnNKlmR9/QK9nJj2</latexit>

~H

<latexit sha1_base64="2z7rIIwo9PFtFTVJVEuBUQ51nnE=">AAACBXicbZDLSsNAFIYn9VbrrerSTbAIrkoi3pZFNy4r2Au0oUymJ+3QySTMnBRKyNq1W30Gd+LW5/ARfAunbRa29YeBj/+cwznz+7HgGh3n2yqsrW9sbhW3Szu7e/sH5cOjpo4SxaDBIhGptk81CC6hgRwFtGMFNPQFtPzR/bTeGoPSPJJPOInBC+lA8oAzisZqdcfA0rusV644VWcmexXcHCokV71X/un2I5aEIJEJqnXHdWL0UqqQMwFZqZtoiCkb0QF0DEoagvbS2bmZfWacvh1EyjyJ9sz9O5HSUOtJ6JvOkOJQL9em5n+1ToLBrZdyGScIks0XBYmwMbKnf7f7XAFDMTFAmeLmVpsNqaIMTUILWzQaUCCyUslk4y4nsQrNi6p7Xb16vKzUnDylIjkhp+ScuOSG1MgDqZMGYWREXsgrebOerXfrw/qctxasfOaYLMj6+gWz9Jjw</latexit>

~B
<latexit sha1_base64="kH2xflsTwbbi1c5eKQj5QsWhCMs=">AAACBXicbZDLSsNAFIYn9VbrrerSTbAIrkoi3pYFXbisYC/QhjKZnrRDJ5Mwc1IoIWvXbvUZ3Ilbn8NH8C2ctlnY1h8GPv5zDufM78eCa3Scb6uwtr6xuVXcLu3s7u0flA+PmjpKFIMGi0Sk2j7VILiEBnIU0I4V0NAX0PJHd9N6awxK80g+4SQGL6QDyQPOKBqr1R0DS++zXrniVJ2Z7FVwc6iQXPVe+afbj1gSgkQmqNYd14nRS6lCzgRkpW6iIaZsRAfQMShpCNpLZ+dm9plx+nYQKfMk2jP370RKQ60noW86Q4pDvVybmv/VOgkGt17KZZwgSDZfFCTCxsie/t3ucwUMxcQAZYqbW202pIoyNAktbNFoQIHISiWTjbucxCo0L6rudfXq8bJSc/KUiuSEnJJz4pIbUiMPpE4ahJEReSGv5M16tt6tD+tz3lqw8pljsiDr6xe3LJjy</latexit>

~D
<latexit sha1_base64="OPT1NIBs24NyEKQt4Gb9JIdDNV0=">AAACBXicbZDLSsNAFIYn9VbrrerSTbAIrkoi3pYFN+Kqgr1AG8pketIOnUzCzEmhhKxdu9VncCdufQ4fwbdw2mZhW38Y+PjPOZwzvx8LrtFxvq3C2vrG5lZxu7Szu7d/UD48auooUQwaLBKRavtUg+ASGshRQDtWQENfQMsf3U3rrTEozSP5hJMYvJAOJA84o2isVncMLH3IeuWKU3VmslfBzaFCctV75Z9uP2JJCBKZoFp3XCdGL6UKOROQlbqJhpiyER1Ax6CkIWgvnZ2b2WfG6dtBpMyTaM/cvxMpDbWehL7pDCkO9XJtav5X6yQY3Hopl3GCINl8UZAIGyN7+ne7zxUwFBMDlClubrXZkCrK0CS0sEWjAQUiK5VMNu5yEqvQvKi619Wrx8tKzclTKpITckrOiUtuSI3ckzppEEZG5IW8kjfr2Xq3PqzPeWvBymeOyYKsr1/A1Jj4</latexit>

~J

Such that: make sense.

<latexit sha1_base64="Hv/np4Z4U1lXThb/PtP+O4z0/G8=">AAACGXicbVDLSsNAFJ34rPVVdSVugkWom5KIr2XBjcsq9gFNKTfTaTt0MgkzN0IJxQ9x7Va/wZ24deUn+BdO2ixs64GBwzn3cu4cPxJco+N8W0vLK6tr67mN/ObW9s5uYW+/rsNYUVajoQhV0wfNBJeshhwFa0aKQeAL1vCHN6nfeGRK81A+4Chi7QD6kvc4BTRSp3DoBYADCiK5H5c8Cb4AD3nA9GmnUHTKzgT2InEzUiQZqp3Cj9cNaRwwiVSA1i3XibCdgEJOBRvnvVizCOgQ+qxlqAST0k4mXxjbJ0bp2r1QmSfRnqh/NxIItB4FvplMD9bzXir+57Vi7F23Ey6jGJmk06BeLGwM7bQPu8sVoyhGhgBV3Nxq0wEooGham0nRaIhiYpzPm27c+SYWSf2s7F6WL+7Oi5VS1lKOHJFjUiIuuSIVckuqpEYoeSIv5JW8Wc/Wu/VhfU5Hl6xs54DMwPr6BS9WoKI=</latexit>

R(r⇥)

<latexit sha1_base64="3scDWcmYQGEWUdMGoUOvff978DA=">AAACCnicbVDLSsNAFJ3UV42vqks3wSK4Kon4WhbcuKxgH9CEMpnetEMnkzBzI5TQP3DtVr/Bnbj1J/wE/8Jpm4VtPXDhcM69nMsJU8E1uu63VVpb39jcKm/bO7t7+weVw6OWTjLFoMkSkahOSDUILqGJHAV0UgU0DgW0w9Hd1G8/gdI8kY84TiGI6UDyiDOKRvJ9SUNBfeQx6F6l6tbcGZxV4hWkSgo0epUfv5+wLAaJTFCtu56bYpBThZwJmNh+piGlbEQH0DVUUhMS5LOfJ86ZUfpOlCgzEp2Z+vcip7HW4zg0mzHFoV72puJ/XjfD6DbIuUwzBMnmQVEmHEycaQFOnytgKMaGUKa4+dVhQ6ooQ1PTQopGQxSIiW2bbrzlJlZJ66LmXdeuHi6rdbdoqUxOyCk5Jx65IXVyTxqkSRhJyQt5JW/Ws/VufVif89WSVdwckwVYX7+7cZsm</latexit>

r⇥

<latexit sha1_base64="HW1Q/jp3A28INWNQyh/kQnDEHcQ=">AAACRHicdZDLSsNAFIYn9R5vVZduBovgqiTibSMUVHCpYLXQhDKZntqhk0mYOSmU0BfyQVy71TcQ3IlbcdpmYb0cGPj4z384Z/4olcKg5z07pZnZufmFxSV3eWV1bb28sXlrkkxzqPNEJroRMQNSKKijQAmNVAOLIwl3Ue9s1L/rgzYiUTc4SCGM2b0SHcEZWqlVPg8UiyQLeDvBAlHEYGjQB55fDOkp/ccxNlyODF6rXPGq3rjob/ALqJCirlrl16Cd8CwGhVwyY5q+l2KYM42CSxi6QWYgZbzH7qFpUTG7L8zHvx3SXau0aSfR9imkY/X7RM5iYwZxZJ0xw6752RuJf/WaGXZOwlyoNENQfLKok0mKCR1FR9tCA0c5sMC4FvZWyrtMM4424KktBi1okEPXtdn4P5P4Dbf7Vf+oenh9UKl5RUqLZJvskD3ik2NSI5fkitQJJw/kiTyTF+fReXPenY+JteQUM1tkqpzPL73Esho=</latexit>

r ·r⇥ ~E = r ·r⇥ ~H = 0

<latexit sha1_base64="Hv/np4Z4U1lXThb/PtP+O4z0/G8=">AAACGXicbVDLSsNAFJ34rPVVdSVugkWom5KIr2XBjcsq9gFNKTfTaTt0MgkzN0IJxQ9x7Va/wZ24deUn+BdO2ixs64GBwzn3cu4cPxJco+N8W0vLK6tr67mN/ObW9s5uYW+/rsNYUVajoQhV0wfNBJeshhwFa0aKQeAL1vCHN6nfeGRK81A+4Chi7QD6kvc4BTRSp3DoBYADCiK5H5c8Cb4AD3nA9GmnUHTKzgT2InEzUiQZqp3Cj9cNaRwwiVSA1i3XibCdgEJOBRvnvVizCOgQ+qxlqAST0k4mXxjbJ0bp2r1QmSfRnqh/NxIItB4FvplMD9bzXir+57Vi7F23Ey6jGJmk06BeLGwM7bQPu8sVoyhGhgBV3Nxq0wEooGham0nRaIhiYpzPm27c+SYWSf2s7F6WL+7Oi5VS1lKOHJFjUiIuuSIVckuqpEYoeSIv5JW8Wc/Wu/VhfU5Hl6xs54DMwPr6BS9WoKI=</latexit>

R(r⇥)

<latexit sha1_base64="2o9NSqC1f2KTEcAwW7cGmpfkGFk=">AAACGHicbZDLSsNAFIYnXmu8Vd0IboJFqJuSiLdlwY0rqWAv0JRyMp22QyeTMHMilFAfxLVbfQZ34tadj+BbOG2zsK0/DHz85xzOmT+IBdfout/W0vLK6tp6bsPe3Nre2c3v7dd0lCjKqjQSkWoEoJngklWRo2CNWDEIA8HqweBmXK8/MqV5JB9wGLNWCD3Ju5wCGqudP/RDwD4Fkd6Nir6EQIBPOxGetvMFt+RO5CyCl0GBZKq08z9+J6JJyCRSAVo3PTfGVgoKORVsZPuJZjHQAfRY06CEkOlWOvnByDkxTsfpRso8ic7E/TuRQqj1MAxM5/hePV8bm//Vmgl2r1spl3GCTNLpom4iHIyccRxOhytGUQwNAFXc3OrQPiigaEKb2aLRgGJiZNsmG28+iUWonZW8y9LF/XmhXMxSypEjckyKxCNXpExuSYVUCSVP5IW8kjfr2Xq3PqzPaeuSlc0ckBlZX78486Ac</latexit>

N (r·)

<latexit sha1_base64="ABjSrdgXZVVNLjt4zekFBon2kks=">AAACCXicbZDLSsNAFIYn9VbjrerSTbAIrkoi3pYFNy4r2AskoUwmk3boZCbMnAgl9Alcu9VncCdufQofwbdw2mZhW38Y+PjPOZwzf5RxpsF1v63K2vrG5lZ1297Z3ds/qB0edbTMFaFtIrlUvQhrypmgbWDAaS9TFKcRp91odDetd5+o0kyKRxhnNEzxQLCEEQzG8gOBI44DEkvo1+puw53JWQWvhDoq1erXfoJYkjylAgjHWvuem0FYYAWMcDqxg1zTDJMRHlDfoMAp1WExO3ninBkndhKpzBPgzNy/EwVOtR6nkelMMQz1cm1q/lfzc0huw4KJLAcqyHxRknMHpDP9vxMzRQnwsQFMFDO3OmSIFSZgUlrYosGAonxi2yYbbzmJVehcNLzrxtXDZb3plilV0Qk6RefIQzeoie5RC7URQRK9oFf0Zj1b79aH9TlvrVjlzDFakPX1C9ELmqQ=</latexit>

r·

<latexit sha1_base64="vHYbnOZcLKNvMSLJ5i4BcCRSkCY=">AAAB/3icbZC7SgNBFIbPeo3xFrW0GQyCVdgVb2XAxjIBc4FkCbOTs8mQ2dllZlYISwprW30GO7H1UXwE38JJsoVJ/GHg4z/ncM78QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG99N66wmV5rF8NOME/YgOJA85o8ZadbdXKrsVdyayCl4OZchV65V+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixKGmE2s9mh07IuXX6JIyVfdKQmft3IqOR1uMosJ0RNUO9XJua/9U6qQnv/IzLJDUo2XxRmApiYjL9NelzhcyIsQXKFLe3EjakijJjs1nYoo0FhWJSLNpsvOUkVqF5WfFuKtf1q3LVzVMqwCmcwQV4cAtVeIAaNIABwgu8wpvz7Lw7H87nvHXNyWdOYEHO1y+P8pYQ</latexit>

0

Example: Electromagnetics (Maxwell’s equations)
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Spatial discretization shallow waters
Underlying mathematical structure: de Rham complex

<latexit sha1_base64="+sEoL8JX/S/fjhuQ1I1bOsdQL9E=">AAACC3icbZDLSsNAFIYnXmu9VV26CRahbkpSvC0Lbrqzgr1AG8tketIOnZnEmYlQQh7BtVt9Bnfi1ofwEXwLp20WtvWHAx//OYdz+P2IUaUd59taWV1b39jMbeW3d3b39gsHh00VxpJAg4QslG0fK2BUQENTzaAdScDcZ9DyRzeTfusJpKKhuNfjCDyOB4IGlGBtLK/2kLhpqXvLYYDPeoWiU3amspfBzaCIMtV7hZ9uPyQxB6EJw0p1XCfSXoKlpoRBmu/GCiJMRngAHYMCc1BeMn06tU+N07eDUJoS2p66fzcSzJUac99McqyHarE3Mf/rdWIdXHsJFVGsQZDZoSBmtg7tSQJ2n0ogmo0NYCKp+dUmQywx0SanuStKG5DA0nzeZOMuJrEMzUrZvSxf3J0Xq5UspRw6RieohFx0haqohuqogQh6RC/oFb1Zz9a79WF9zkZXrGznCM3J+voFKSiavw==</latexit>

H
1(⌦)

<latexit sha1_base64="v9bb/y6GY+iouK3xcS6cM0KoRqI=">AAACGHicbZDLSgMxFIYz9VbrbdSN4CZYhApSZoq3ZcFNd1awF2hLyaSnbWgyMyQZoQz1QVy71WdwJ27d+Qi+hZl2Frb1h8DHf87hnPxeyJnSjvNtZVZW19Y3spu5re2d3T17/6CugkhSqNGAB7LpEQWc+VDTTHNohhKI8Dg0vNFtUm88glQs8B/0OISOIAOf9Rkl2lhd+6hSaAuih1LENJJ8co7bdwIG5Kxr552iMxVeBjeFPEpV7do/7V5AIwG+ppwo1XKdUHdiIjWjHCa5dqQgJHREBtAy6BMBqhNPfzDBp8bp4X4gzfM1nrp/J2IilBoLz3Qm16rFWmL+V2tFun/TiZkfRhp8OlvUjzjWAU7iwD0mgWo+NkCoZOZWTIdEEqpNaHNblDYggU9yOZONu5jEMtRLRfeqeHl/kS+X0pSy6BidoAJy0TUqowqqohqi6Am9oFf0Zj1b79aH9TlrzVjpzCGak/X1C4KYn7Y=</latexit>

H(curl,⌦)
<latexit sha1_base64="Q07wAHbFHj7yHycTG0ELId5riaA=">AAACF3icbZDLSgMxFIYz9VbrrerChZtgESpImSnelgU33VnBXqBTSiY9bUOTmSHJFMowD+LarT6DO3Hr0kfwLcy0XdjWHwIf/zmHc/J7IWdK2/a3lVlb39jcym7ndnb39g/yh0cNFUSSQp0GPJAtjyjgzIe6ZppDK5RAhMeh6Y3u03pzDFKxwH/SkxA6ggx81meUaGN18yfVoiuIHkoR99g4ucTug4ABuejmC3bJngqvgjOHApqr1s3/uL2ARgJ8TTlRqu3Yoe7ERGpGOSQ5N1IQEjoiA2gb9IkA1YmnH0jwuXF6uB9I83yNp+7fiZgIpSbCM53psWq5lpr/1dqR7t91YuaHkQafzhb1I451gNM0cI9JoJpPDBAqmbkV0yGRhGqT2cIWpQ1I4EkuZ7JxlpNYhUa55NyUrh+vCpXyPKUsOkVnqIgcdIsqqIpqqI4oStALekVv1rP1bn1Yn7PWjDWfOUYLsr5+AZsAnzk=</latexit>

H(div,⌦)
<latexit sha1_base64="hODrAEg2PyXR6mtrSfzPiA4WP3A=">AAACC3icbZDLSsNAFIYnXmu8VV26CRahbkpSvC0LblwIVrAXaGOZTE/boTOTODMRSsgjuHarz+BO3PoQPoJv4bTNwrb+cODjP+dwDn8QMaq0635bS8srq2vruQ17c2t7Zze/t19XYSwJ1EjIQtkMsAJGBdQ01QyakQTMAwaNYHg17jeeQCoains9isDnuC9ojxKsjeXfPCTltNi+5dDHJ518wS25EzmL4GVQQJmqnfxPuxuSmIPQhGGlWp4baT/BUlPCILXbsYIIkyHuQ8ugwByUn0yeTp1j43SdXihNCe1M3L8bCeZKjXhgJjnWAzXfG5v/9Vqx7l36CRVRrEGQ6aFezBwdOuMEnC6VQDQbGcBEUvOrQwZYYqJNTjNXlDYggaW2bbLx5pNYhHq55J2Xzu5OC5VyllIOHaIjVEQeukAVdI2qqIYIekQv6BW9Wc/Wu/VhfU5Hl6xs5wDNyPr6BTFomsQ=</latexit>

L2(⌦)

<latexit sha1_base64="czYKQx3NMyCF7GbJzdZ3wkJV/6s=">AAACGXicbVDLSsNAFJ34rPVVdSVugkWom5KIr2XBjSupYB/QlHIznbZDJ5MwcyOUUPwQ1271G9yJW1d+gn/hpM3Cth4YOJxzL+fO8SPBNTrOt7W0vLK6tp7byG9ube/sFvb26zqMFWU1GopQNX3QTHDJashRsGakGAS+YA1/eJP6jUemNA/lA44i1g6gL3mPU0AjdQqHXgA4oCCSu3HJk+AL8JAHTJ92CkWn7ExgLxI3I0WSodop/HjdkMYBk0gFaN1ynQjbCSjkVLBx3os1i4AOoc9ahkowKe1k8oWxfWKUrt0LlXkS7Yn6dyOBQOtR4JvJ9GA976Xif14rxt51O+EyipFJOg3qxcLG0E77sLtcMYpiZAhQxc2tNh2AAoqmtZkUjYYoJsb5vOnGnW9ikdTPyu5l+eL+vFgpZS3lyBE5JiXikitSIbekSmqEkifyQl7Jm/VsvVsf1ud0dMnKdg7IDKyvXyiuoJ4=</latexit>

N (r⇥)

<latexit sha1_base64="JWvDC3xBLIKlV4Swbi3382WTQq8=">AAACE3icbVDLSsNAFJ3UV42vaJdugkWom5KIr2XBjcsq9gFNKDfTSTt0MgkzE6GEfoZrt/oN7sStH+An+BdO2ixs64ELh3Pu5R5OkDAqleN8G6W19Y3NrfK2ubO7t39gHR61ZZwKTFo4ZrHoBiAJo5y0FFWMdBNBIAoY6QTj29zvPBEhacwf1SQhfgRDTkOKQWmpb1W8CNQIA8sepjWPQ8DgrG9Vnbozg71K3IJUUYFm3/rxBjFOI8IVZiBlz3US5WcgFMWMTE0vlSQBPIYh6WnKISLSz2bhp/apVgZ2GAs9XNkz9e9FBpGUkyjQm3lUuezl4n9eL1XhjZ9RnqSKcDx/FKbMVrGdN2EPqCBYsYkmgAXVWW08AgFY6b4WvkiliSBsapq6G3e5iVXSPq+7V/XL+4tqo1a0VEbH6ATVkIuuUQPdoSZqIYwm6AW9ojfj2Xg3PozP+WrJKG4qaAHG1y8cj53o</latexit>

R(r)
<latexit sha1_base64="Hv/np4Z4U1lXThb/PtP+O4z0/G8=">AAACGXicbVDLSsNAFJ34rPVVdSVugkWom5KIr2XBjcsq9gFNKTfTaTt0MgkzN0IJxQ9x7Va/wZ24deUn+BdO2ixs64GBwzn3cu4cPxJco+N8W0vLK6tr67mN/ObW9s5uYW+/rsNYUVajoQhV0wfNBJeshhwFa0aKQeAL1vCHN6nfeGRK81A+4Chi7QD6kvc4BTRSp3DoBYADCiK5H5c8Cb4AD3nA9GmnUHTKzgT2InEzUiQZqp3Cj9cNaRwwiVSA1i3XibCdgEJOBRvnvVizCOgQ+qxlqAST0k4mXxjbJ0bp2r1QmSfRnqh/NxIItB4FvplMD9bzXir+57Vi7F23Ey6jGJmk06BeLGwM7bQPu8sVoyhGhgBV3Nxq0wEooGham0nRaIhiYpzPm27c+SYWSf2s7F6WL+7Oi5VS1lKOHJFjUiIuuSIVckuqpEYoeSIv5JW8Wc/Wu/VhfU5Hl6xs54DMwPr6BS9WoKI=</latexit>

R(r⇥)

<latexit sha1_base64="Bh46LjzcedyuGLMn8iSI5/9tMow=">AAACBHicbZC7SgNBFIZnvcZ4i1raDAbBKuyKtzJgYxnBXCBZwtnJbDJmdnaZOSuEJa21rT6Dndj6Hj6Cb+Ek2cIk/jDw8Z9zOGf+IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwYeJUM15nsYx1KwDDpVC8jgIlbyWaQxRI3gyGt5N684lrI2L1gKOE+xH0lQgFA7RWo6MgkNAtld2KOxVdBi+HMslV65Z+Or2YpRFXyCQY0/bcBP0MNAom+bjYSQ1PgA2hz9sWFUTc+Nn02jE9tU6PhrG2TyGdun8nMoiMGUWB7YwAB2axNjH/q7VTDG/8TKgkRa7YbFGYSooxnXyd9oTmDOXIAjAt7K2UDUADQxvQ3BaDFjSX42LRZuMtJrEMjfOKd1W5vL8oV908pQI5JifkjHjkmlTJHamROmHkkbyQV/LmPDvvzofzOWtdcfKZIzIn5+sXyG6YbA==</latexit>

r
<latexit sha1_base64="3scDWcmYQGEWUdMGoUOvff978DA=">AAACCnicbVDLSsNAFJ3UV42vqks3wSK4Kon4WhbcuKxgH9CEMpnetEMnkzBzI5TQP3DtVr/Bnbj1J/wE/8Jpm4VtPXDhcM69nMsJU8E1uu63VVpb39jcKm/bO7t7+weVw6OWTjLFoMkSkahOSDUILqGJHAV0UgU0DgW0w9Hd1G8/gdI8kY84TiGI6UDyiDOKRvJ9SUNBfeQx6F6l6tbcGZxV4hWkSgo0epUfv5+wLAaJTFCtu56bYpBThZwJmNh+piGlbEQH0DVUUhMS5LOfJ86ZUfpOlCgzEp2Z+vcip7HW4zg0mzHFoV72puJ/XjfD6DbIuUwzBMnmQVEmHEycaQFOnytgKMaGUKa4+dVhQ6ooQ1PTQopGQxSIiW2bbrzlJlZJ66LmXdeuHi6rdbdoqUxOyCk5Jx65IXVyTxqkSRhJyQt5JW/Ws/VufVif89WSVdwckwVYX7+7cZsm</latexit>

r⇥

<latexit sha1_base64="2o9NSqC1f2KTEcAwW7cGmpfkGFk=">AAACGHicbZDLSsNAFIYnXmu8Vd0IboJFqJuSiLdlwY0rqWAv0JRyMp22QyeTMHMilFAfxLVbfQZ34tadj+BbOG2zsK0/DHz85xzOmT+IBdfout/W0vLK6tp6bsPe3Nre2c3v7dd0lCjKqjQSkWoEoJngklWRo2CNWDEIA8HqweBmXK8/MqV5JB9wGLNWCD3Ju5wCGqudP/RDwD4Fkd6Nir6EQIBPOxGetvMFt+RO5CyCl0GBZKq08z9+J6JJyCRSAVo3PTfGVgoKORVsZPuJZjHQAfRY06CEkOlWOvnByDkxTsfpRso8ic7E/TuRQqj1MAxM5/hePV8bm//Vmgl2r1spl3GCTNLpom4iHIyccRxOhytGUQwNAFXc3OrQPiigaEKb2aLRgGJiZNsmG28+iUWonZW8y9LF/XmhXMxSypEjckyKxCNXpExuSYVUCSVP5IW8kjfr2Xq3PqzPaeuSlc0ckBlZX78486Ac</latexit>

N (r·)

<latexit sha1_base64="3scDWcmYQGEWUdMGoUOvff978DA=">AAACCnicbVDLSsNAFJ3UV42vqks3wSK4Kon4WhbcuKxgH9CEMpnetEMnkzBzI5TQP3DtVr/Bnbj1J/wE/8Jpm4VtPXDhcM69nMsJU8E1uu63VVpb39jcKm/bO7t7+weVw6OWTjLFoMkSkahOSDUILqGJHAV0UgU0DgW0w9Hd1G8/gdI8kY84TiGI6UDyiDOKRvJ9SUNBfeQx6F6l6tbcGZxV4hWkSgo0epUfv5+wLAaJTFCtu56bYpBThZwJmNh+piGlbEQH0DVUUhMS5LOfJ86ZUfpOlCgzEp2Z+vcip7HW4zg0mzHFoV72puJ/XjfD6DbIuUwzBMnmQVEmHEycaQFOnytgKMaGUKa4+dVhQ6ooQ1PTQopGQxSIiW2bbrzlJlZJ66LmXdeuHi6rdbdoqUxOyCk5Jx65IXVyTxqkSRhJyQt5JW/Ws/VufVif89WSVdwckwVYX7+7cZsm</latexit>

r⇥

<latexit sha1_base64="vHYbnOZcLKNvMSLJ5i4BcCRSkCY=">AAAB/3icbZC7SgNBFIbPeo3xFrW0GQyCVdgVb2XAxjIBc4FkCbOTs8mQ2dllZlYISwprW30GO7H1UXwE38JJsoVJ/GHg4z/ncM78QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG99N66wmV5rF8NOME/YgOJA85o8ZadbdXKrsVdyayCl4OZchV65V+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixKGmE2s9mh07IuXX6JIyVfdKQmft3IqOR1uMosJ0RNUO9XJua/9U6qQnv/IzLJDUo2XxRmApiYjL9NelzhcyIsQXKFLe3EjakijJjs1nYoo0FhWJSLNpsvOUkVqF5WfFuKtf1q3LVzVMqwCmcwQV4cAtVeIAaNIABwgu8wpvz7Lw7H87nvHXNyWdOYEHO1y+P8pYQ</latexit>

0
<latexit sha1_base64="vHYbnOZcLKNvMSLJ5i4BcCRSkCY=">AAAB/3icbZC7SgNBFIbPeo3xFrW0GQyCVdgVb2XAxjIBc4FkCbOTs8mQ2dllZlYISwprW30GO7H1UXwE38JJsoVJ/GHg4z/ncM78QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG99N66wmV5rF8NOME/YgOJA85o8ZadbdXKrsVdyayCl4OZchV65V+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixKGmE2s9mh07IuXX6JIyVfdKQmft3IqOR1uMosJ0RNUO9XJua/9U6qQnv/IzLJDUo2XxRmApiYjL9NelzhcyIsQXKFLe3EjakijJjs1nYoo0FhWJSLNpsvOUkVqF5WfFuKtf1q3LVzVMqwCmcwQV4cAtVeIAaNIABwgu8wpvz7Lw7H87nvHXNyWdOYEHO1y+P8pYQ</latexit>

0

<latexit sha1_base64="Bh46LjzcedyuGLMn8iSI5/9tMow=">AAACBHicbZC7SgNBFIZnvcZ4i1raDAbBKuyKtzJgYxnBXCBZwtnJbDJmdnaZOSuEJa21rT6Dndj6Hj6Cb+Ek2cIk/jDw8Z9zOGf+IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwYeJUM15nsYx1KwDDpVC8jgIlbyWaQxRI3gyGt5N684lrI2L1gKOE+xH0lQgFA7RWo6MgkNAtld2KOxVdBi+HMslV65Z+Or2YpRFXyCQY0/bcBP0MNAom+bjYSQ1PgA2hz9sWFUTc+Nn02jE9tU6PhrG2TyGdun8nMoiMGUWB7YwAB2axNjH/q7VTDG/8TKgkRa7YbFGYSooxnXyd9oTmDOXIAjAt7K2UDUADQxvQ3BaDFjSX42LRZuMtJrEMjfOKd1W5vL8oV908pQI5JifkjHjkmlTJHamROmHkkbyQV/LmPDvvzofzOWtdcfKZIzIn5+sXyG6YbA==</latexit>

r

<latexit sha1_base64="vHYbnOZcLKNvMSLJ5i4BcCRSkCY=">AAAB/3icbZC7SgNBFIbPeo3xFrW0GQyCVdgVb2XAxjIBc4FkCbOTs8mQ2dllZlYISwprW30GO7H1UXwE38JJsoVJ/GHg4z/ncM78QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG99N66wmV5rF8NOME/YgOJA85o8ZadbdXKrsVdyayCl4OZchV65V+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixKGmE2s9mh07IuXX6JIyVfdKQmft3IqOR1uMosJ0RNUO9XJua/9U6qQnv/IzLJDUo2XxRmApiYjL9NelzhcyIsQXKFLe3EjakijJjs1nYoo0FhWJSLNpsvOUkVqF5WfFuKtf1q3LVzVMqwCmcwQV4cAtVeIAaNIABwgu8wpvz7Lw7H87nvHXNyWdOYEHO1y+P8pYQ</latexit>

0

<latexit sha1_base64="rmOVarKDpphaJMrWzUchFqN3wG4=">AAACE3icbVDLSsNAFJ3UV42vaJdugkWom5KIr2XBjSupYB/QlHIznbZDJ5MwMxFCyGe4dqvf4E7c+gF+gn/hpM3Cth64cDjnXu7h+BGjUjnOt1FaW9/Y3Cpvmzu7e/sH1uFRW4axwKSFQxaKrg+SMMpJS1HFSDcSBAKfkY4/vc39zhMRkob8USUR6Qcw5nREMSgtDayKF4CaYGDpfVbzOPgMzgZW1ak7M9irxC1IFRVoDqwfbxjiOCBcYQZS9lwnUv0UhKKYkcz0YkkiwFMYk56mHAIi++ksfGafamVoj0Khhyt7pv69SCGQMgl8vZlHlcteLv7n9WI1uumnlEexIhzPH41iZqvQzpuwh1QQrFiiCWBBdVYbT0AAVrqvhS9SaSIIy0xTd+MuN7FK2ud196p++XBRbdSKlsroGJ2gGnLRNWqgO9RELYRRgl7QK3ozno1348P4nK+WjOKmghZgfP0CFf+d5A==</latexit>

N (r)

<latexit sha1_base64="ABjSrdgXZVVNLjt4zekFBon2kks=">AAACCXicbZDLSsNAFIYn9VbjrerSTbAIrkoi3pYFNy4r2AskoUwmk3boZCbMnAgl9Alcu9VncCdufQofwbdw2mZhW38Y+PjPOZwzf5RxpsF1v63K2vrG5lZ1297Z3ds/qB0edbTMFaFtIrlUvQhrypmgbWDAaS9TFKcRp91odDetd5+o0kyKRxhnNEzxQLCEEQzG8gOBI44DEkvo1+puw53JWQWvhDoq1erXfoJYkjylAgjHWvuem0FYYAWMcDqxg1zTDJMRHlDfoMAp1WExO3ninBkndhKpzBPgzNy/EwVOtR6nkelMMQz1cm1q/lfzc0huw4KJLAcqyHxRknMHpDP9vxMzRQnwsQFMFDO3OmSIFSZgUlrYosGAonxi2yYbbzmJVehcNLzrxtXDZb3plilV0Qk6RefIQzeoie5RC7URQRK9oFf0Zj1b79aH9TlvrVjlzDFakPX1C9ELmqQ=</latexit>

r·

<latexit sha1_base64="vHYbnOZcLKNvMSLJ5i4BcCRSkCY=">AAAB/3icbZC7SgNBFIbPeo3xFrW0GQyCVdgVb2XAxjIBc4FkCbOTs8mQ2dllZlYISwprW30GO7H1UXwE38JJsoVJ/GHg4z/ncM78QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG99N66wmV5rF8NOME/YgOJA85o8ZadbdXKrsVdyayCl4OZchV65V+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixKGmE2s9mh07IuXX6JIyVfdKQmft3IqOR1uMosJ0RNUO9XJua/9U6qQnv/IzLJDUo2XxRmApiYjL9NelzhcyIsQXKFLe3EjakijJjs1nYoo0FhWJSLNpsvOUkVqF5WfFuKtf1q3LVzVMqwCmcwQV4cAtVeIAaNIABwgu8wpvz7Lw7H87nvHXNyWdOYEHO1y+P8pYQ</latexit>

0

<latexit sha1_base64="YTDjYoSjXhJfqvZ19RQJ72OVerg=">AAACAnicbZDJSgNBEIZr4hbjFvXopTEInsKMuB0DXjxGMAskQ+jp1GSa9Cx09whhyM2zV30Gb+LVF/ERfAt7kjmYxB8aPv6qoqp/LxFcadv+tkpr6xubW+Xtys7u3v5B9fCoreJUMmyxWMSy61GFgkfY0lwL7CYSaegJ7Hjju7zeeUKpeBw96kmCbkhHEfc5ozq3+knAB9WaXbdnIqvgFFCDQs1B9ac/jFkaYqSZoEr1HDvRbkal5kzgtNJPFSaUjekIewYjGqJys9mtU3JmnCHxY2lepMnM/TuR0VCpSeiZzpDqQC3XcvO/Wi/V/q2b8ShJNUZsvshPBdExyT9Ohlwi02JigDLJza2EBVRSpk08C1uUNiBRTCsVk42znMQqtC/qznX96uGy1rCLlMpwAqdwDg7cQAPuoQktYBDAC7zCm/VsvVsf1ue8tWQVM8ewIOvrF0txl5s=</latexit>

�
<latexit sha1_base64="QwPyqliMszB8FgXpWZhXSDkI8Tk=">AAACAnicbZDLSgMxFIYz9VbrrerSTbAIrsqMeFsW3LisYC/QDiWTnumEZpIhyQhl6M61W30Gd+LWF/ERfAsz7Sxs6w+Bj/+cwzn5g4QzbVz32ymtrW9sbpW3Kzu7e/sH1cOjtpapotCikkvVDYgGzgS0DDMcuokCEgccOsH4Lq93nkBpJsWjmSTgx2QkWMgoMbnVV5EcVGtu3Z0Jr4JXQA0Vag6qP/2hpGkMwlBOtO55bmL8jCjDKIdppZ9qSAgdkxH0LAoSg/az2a1TfGadIQ6lsk8YPHP/TmQk1noSB7YzJibSy7Xc/K/WS01462dMJKkBQeeLwpRjI3H+cTxkCqjhEwuEKmZvxTQiilBj41nYoo0FBXxaqdhsvOUkVqF9Ufeu61cPl7WGW6RURifoFJ0jD92gBrpHTdRCFEXoBb2iN+fZeXc+nM95a8kpZo7RgpyvX1hNl6M=</latexit>⇢<latexit sha1_base64="HEUYVzaLjY10T6foI37qFcUbVqw=">AAACBXicbZDLSsNAFIYn9VbrrerSTbAIrkoi3pYFEVxWsBdoQ5lMT9qhk0mYOSmUkLVrt/oM7sStz+Ej+BZO2yxs6w8DH/85h3Pm92PBNTrOt1VYW9/Y3Cpul3Z29/YPyodHTR0likGDRSJSbZ9qEFxCAzkKaMcKaOgLaPmju2m9NQaleSSfcBKDF9KB5AFnFI3V6o6BpfdZr1xxqs5M9iq4OVRIrnqv/NPtRywJQSITVOuO68TopVQhZwKyUjfREFM2ogPoGJQ0BO2ls3Mz+8w4fTuIlHkS7Zn7dyKlodaT0DedIcWhXq5Nzf9qnQSDWy/lMk4QJJsvChJhY2RP/273uQKGYmKAMsXNrTYbUkUZmoQWtmg0oEBkpZLJxl1OYhWaF1X3unr1eFmpOXlKRXJCTsk5cckNqZEHUicNwsiIvJBX8mY9W+/Wh/U5by1Y+cwxWZD19Qu4yJjz</latexit>

~E
<latexit sha1_base64="AAPVRG5IU0xq4XRjGdoSngoTj0Q=">AAACBXicbZDLSsNAFIYn9VbrrerSTbAIrkoi3pYFN11WsBdoQ5lMT9qhk0mYOSmUkLVrt/oM7sStz+Ej+BZO2yxs6w8DH/85h3Pm92PBNTrOt1XY2Nza3inulvb2Dw6PyscnLR0likGTRSJSHZ9qEFxCEzkK6MQKaOgLaPvjh1m9PQGleSSfcBqDF9Kh5AFnFI3V7k2ApfWsX644VWcuex3cHCokV6Nf/ukNIpaEIJEJqnXXdWL0UqqQMwFZqZdoiCkb0yF0DUoagvbS+bmZfWGcgR1EyjyJ9tz9O5HSUOtp6JvOkOJIr9Zm5n+1boLBvZdyGScIki0WBYmwMbJnf7cHXAFDMTVAmeLmVpuNqKIMTUJLWzQaUCCyUslk464msQ6tq6p7W715vK7UnDylIjkj5+SSuOSO1EidNEiTMDImL+SVvFnP1rv1YX0uWgtWPnNKlmR9/QK9nJj2</latexit>

~H

<latexit sha1_base64="2z7rIIwo9PFtFTVJVEuBUQ51nnE=">AAACBXicbZDLSsNAFIYn9VbrrerSTbAIrkoi3pZFNy4r2Au0oUymJ+3QySTMnBRKyNq1W30Gd+LW5/ARfAunbRa29YeBj/+cwznz+7HgGh3n2yqsrW9sbhW3Szu7e/sH5cOjpo4SxaDBIhGptk81CC6hgRwFtGMFNPQFtPzR/bTeGoPSPJJPOInBC+lA8oAzisZqdcfA0rusV644VWcmexXcHCokV71X/un2I5aEIJEJqnXHdWL0UqqQMwFZqZtoiCkb0QF0DEoagvbS2bmZfWacvh1EyjyJ9sz9O5HSUOtJ6JvOkOJQL9em5n+1ToLBrZdyGScIks0XBYmwMbKnf7f7XAFDMTFAmeLmVpsNqaIMTUILWzQaUCCyUslk4y4nsQrNi6p7Xb16vKzUnDylIjkhp+ScuOSG1MgDqZMGYWREXsgrebOerXfrw/qctxasfOaYLMj6+gWz9Jjw</latexit>

~B
<latexit sha1_base64="kH2xflsTwbbi1c5eKQj5QsWhCMs=">AAACBXicbZDLSsNAFIYn9VbrrerSTbAIrkoi3pYFXbisYC/QhjKZnrRDJ5Mwc1IoIWvXbvUZ3Ilbn8NH8C2ctlnY1h8GPv5zDufM78eCa3Scb6uwtr6xuVXcLu3s7u0flA+PmjpKFIMGi0Sk2j7VILiEBnIU0I4V0NAX0PJHd9N6awxK80g+4SQGL6QDyQPOKBqr1R0DS++zXrniVJ2Z7FVwc6iQXPVe+afbj1gSgkQmqNYd14nRS6lCzgRkpW6iIaZsRAfQMShpCNpLZ+dm9plx+nYQKfMk2jP370RKQ60noW86Q4pDvVybmv/VOgkGt17KZZwgSDZfFCTCxsie/t3ucwUMxcQAZYqbW202pIoyNAktbNFoQIHISiWTjbucxCo0L6rudfXq8bJSc/KUiuSEnJJz4pIbUiMPpE4ahJEReSGv5M16tt6tD+tz3lqw8pljsiDr6xe3LJjy</latexit>

~D
<latexit sha1_base64="OPT1NIBs24NyEKQt4Gb9JIdDNV0=">AAACBXicbZDLSsNAFIYn9VbrrerSTbAIrkoi3pYFN+Kqgr1AG8pketIOnUzCzEmhhKxdu9VncCdufQ4fwbdw2mZhW38Y+PjPOZwzvx8LrtFxvq3C2vrG5lZxu7Szu7d/UD48auooUQwaLBKRavtUg+ASGshRQDtWQENfQMsf3U3rrTEozSP5hJMYvJAOJA84o2isVncMLH3IeuWKU3VmslfBzaFCctV75Z9uP2JJCBKZoFp3XCdGL6UKOROQlbqJhpiyER1Ax6CkIWgvnZ2b2WfG6dtBpMyTaM/cvxMpDbWehL7pDCkO9XJtav5X6yQY3Hopl3GCINl8UZAIGyN7+ne7zxUwFBMDlClubrXZkCrK0CS0sEWjAQUiK5VMNu5yEqvQvKi619Wrx8tKzclTKpITckrOiUtuSI3ckzppEEZG5IW8kjfr2Xq3PqzPeWvBymeOyYKsr1/A1Jj4</latexit>

~J

Such that:
<latexit sha1_base64="wIWwXS3ha0PBvRp3ki9UUSXdTPs=">AAACK3icbVDLSgMxFM34tr6qLt0EiyAoZUZ8LQsiuFSwD+iUkklvbWgmMyR3CmWYj/BDXLvVb3CluHXhX5jWWdjWA4HDOfdybk4QS2HQdd+dufmFxaXlldXC2vrG5lZxe6dmokRzqPJIRroRMANSKKiiQAmNWAMLAwn1oH818usD0EZE6h6HMbRC9qBEV3CGVmoXj3zFAsl8FCEY6g+Ap9fZMfWP/+pj+SZrF0tu2R2DzhIvJyWS47Zd/PY7EU9CUMglM6bpuTG2UqZRcAlZwU8MxIz32QM0LVXMZrXS8acyemCVDu1G2j6FdKz+3UhZaMwwDOxkyLBnpr2R+J/XTLB72UqFihMExX+DuomkGNFRQ7QjNHCUQ0sY18LeSnmPacbR9jiRYtASDTIrFGw33nQTs6R2UvbOy2d3p6WKm7e0QvbIPjkkHrkgFXJDbkmVcPJInskLeXWenDfnw/n8HZ1z8p1dMgHn6wdmD6gK</latexit>

r⇥ ~E, r⇥ ~H

<latexit sha1_base64="3U11DEDYzTiMIgIBTUg29yTypfc=">AAACQHicbZA9SwNBEIb3/IzxK2ppsxgECwl34lcZ1EKsIphEyIWwt5no4t7esTsXCMf9HX+Ita2C/0ArsbVyc0lhoi8svDwzw8y+QSyFQdd9c2Zm5+YXFgtLxeWV1bX10sZmw0SJ5lDnkYz0bcAMSKGgjgIl3MYaWBhIaAYP58N6sw/aiEjd4CCGdsjulOgJztCiTqnqKxZI5vNuhNTvA0/Psn3q7//COb3IKZ3GV1mnVHYrbi7613hjUyZj1TqlD78b8SQEhVwyY1qeG2M7ZRoFl5AV/cRAzPgDu4OWtYqFYNpp/tOM7lrSpb1I26eQ5vT3RMpCYwZhYDtDhvdmujaE/9VaCfZO26lQcYKg+GhRL5EUIzqMjXaFBo5yYA3jWthbKb9nmnG04U5sMWiNBpkVizYbbzqJv6ZxUPGOK0fXh+WqO06pQLbJDtkjHjkhVXJJaqROOHkkz+SFvDpPzrvz6XyNWmec8cwWmZDz/QOgsrAV</latexit>

r · ~B, r · ~D, r · ~J make sense.
<latexit sha1_base64="lvYSQBNLTtvLKdx1eXwH1zsKZq0=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMeFsW3LisYC8wM5QzaaYNzSRDkhHK0Cdw7VafwZ249Sl8BN/CtJ2Fbf0h8PGfczgnf5Rypo3rfjultfWNza3ydmVnd2//oHp41NYyU4S2iORSdSPQlDNBW4YZTrupopBEnHai0d203nmiSjMpHs04pWECA8FiRsBYyw8ERBxwkA5Zr1pz6+5MeBW8AmqoULNX/Qn6kmQJFYZw0Nr33NSEOSjDCKeTSpBpmgIZwYD6FgUkVIf57OQJPrNOH8dS2ScMnrl/J3JItB4nke1MwAz1cm1q/lfzMxPfhjkTaWaoIPNFccaxkXj6f9xnihLDxxaAKGZvxWQICoixKS1s0caConxSqdhsvOUkVqF9Ufeu61cPl7WGW6RURifoFJ0jD92gBrpHTdRCBEn0gl7Rm/PsvDsfzue8teQUM8doQc7XL1rkmls=</latexit>

r�

Example: Electromagnetics (Maxwell’s equations)
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Spatial discretization shallow waters
Underlying mathematical structure: de Rham complex

<latexit sha1_base64="+sEoL8JX/S/fjhuQ1I1bOsdQL9E=">AAACC3icbZDLSsNAFIYnXmu9VV26CRahbkpSvC0Lbrqzgr1AG8tketIOnZnEmYlQQh7BtVt9Bnfi1ofwEXwLp20WtvWHAx//OYdz+P2IUaUd59taWV1b39jMbeW3d3b39gsHh00VxpJAg4QslG0fK2BUQENTzaAdScDcZ9DyRzeTfusJpKKhuNfjCDyOB4IGlGBtLK/2kLhpqXvLYYDPeoWiU3amspfBzaCIMtV7hZ9uPyQxB6EJw0p1XCfSXoKlpoRBmu/GCiJMRngAHYMCc1BeMn06tU+N07eDUJoS2p66fzcSzJUac99McqyHarE3Mf/rdWIdXHsJFVGsQZDZoSBmtg7tSQJ2n0ogmo0NYCKp+dUmQywx0SanuStKG5DA0nzeZOMuJrEMzUrZvSxf3J0Xq5UspRw6RieohFx0haqohuqogQh6RC/oFb1Zz9a79WF9zkZXrGznCM3J+voFKSiavw==</latexit>

H
1(⌦)

<latexit sha1_base64="v9bb/y6GY+iouK3xcS6cM0KoRqI=">AAACGHicbZDLSgMxFIYz9VbrbdSN4CZYhApSZoq3ZcFNd1awF2hLyaSnbWgyMyQZoQz1QVy71WdwJ27d+Qi+hZl2Frb1h8DHf87hnPxeyJnSjvNtZVZW19Y3spu5re2d3T17/6CugkhSqNGAB7LpEQWc+VDTTHNohhKI8Dg0vNFtUm88glQs8B/0OISOIAOf9Rkl2lhd+6hSaAuih1LENJJ8co7bdwIG5Kxr552iMxVeBjeFPEpV7do/7V5AIwG+ppwo1XKdUHdiIjWjHCa5dqQgJHREBtAy6BMBqhNPfzDBp8bp4X4gzfM1nrp/J2IilBoLz3Qm16rFWmL+V2tFun/TiZkfRhp8OlvUjzjWAU7iwD0mgWo+NkCoZOZWTIdEEqpNaHNblDYggU9yOZONu5jEMtRLRfeqeHl/kS+X0pSy6BidoAJy0TUqowqqohqi6Am9oFf0Zj1b79aH9TlrzVjpzCGak/X1C4KYn7Y=</latexit>

H(curl,⌦)
<latexit sha1_base64="Q07wAHbFHj7yHycTG0ELId5riaA=">AAACF3icbZDLSgMxFIYz9VbrrerChZtgESpImSnelgU33VnBXqBTSiY9bUOTmSHJFMowD+LarT6DO3Hr0kfwLcy0XdjWHwIf/zmHc/J7IWdK2/a3lVlb39jcym7ndnb39g/yh0cNFUSSQp0GPJAtjyjgzIe6ZppDK5RAhMeh6Y3u03pzDFKxwH/SkxA6ggx81meUaGN18yfVoiuIHkoR99g4ucTug4ABuejmC3bJngqvgjOHApqr1s3/uL2ARgJ8TTlRqu3Yoe7ERGpGOSQ5N1IQEjoiA2gb9IkA1YmnH0jwuXF6uB9I83yNp+7fiZgIpSbCM53psWq5lpr/1dqR7t91YuaHkQafzhb1I451gNM0cI9JoJpPDBAqmbkV0yGRhGqT2cIWpQ1I4EkuZ7JxlpNYhUa55NyUrh+vCpXyPKUsOkVnqIgcdIsqqIpqqI4oStALekVv1rP1bn1Yn7PWjDWfOUYLsr5+AZsAnzk=</latexit>

H(div,⌦)
<latexit sha1_base64="hODrAEg2PyXR6mtrSfzPiA4WP3A=">AAACC3icbZDLSsNAFIYnXmu8VV26CRahbkpSvC0LblwIVrAXaGOZTE/boTOTODMRSsgjuHarz+BO3PoQPoJv4bTNwrb+cODjP+dwDn8QMaq0635bS8srq2vruQ17c2t7Zze/t19XYSwJ1EjIQtkMsAJGBdQ01QyakQTMAwaNYHg17jeeQCoains9isDnuC9ojxKsjeXfPCTltNi+5dDHJ518wS25EzmL4GVQQJmqnfxPuxuSmIPQhGGlWp4baT/BUlPCILXbsYIIkyHuQ8ugwByUn0yeTp1j43SdXihNCe1M3L8bCeZKjXhgJjnWAzXfG5v/9Vqx7l36CRVRrEGQ6aFezBwdOuMEnC6VQDQbGcBEUvOrQwZYYqJNTjNXlDYggaW2bbLx5pNYhHq55J2Xzu5OC5VyllIOHaIjVEQeukAVdI2qqIYIekQv6BW9Wc/Wu/VhfU5Hl6xs5wDNyPr6BTFomsQ=</latexit>

L2(⌦)

<latexit sha1_base64="czYKQx3NMyCF7GbJzdZ3wkJV/6s=">AAACGXicbVDLSsNAFJ34rPVVdSVugkWom5KIr2XBjSupYB/QlHIznbZDJ5MwcyOUUPwQ1271G9yJW1d+gn/hpM3Cth4YOJxzL+fO8SPBNTrOt7W0vLK6tp7byG9ube/sFvb26zqMFWU1GopQNX3QTHDJashRsGakGAS+YA1/eJP6jUemNA/lA44i1g6gL3mPU0AjdQqHXgA4oCCSu3HJk+AL8JAHTJ92CkWn7ExgLxI3I0WSodop/HjdkMYBk0gFaN1ynQjbCSjkVLBx3os1i4AOoc9ahkowKe1k8oWxfWKUrt0LlXkS7Yn6dyOBQOtR4JvJ9GA976Xif14rxt51O+EyipFJOg3qxcLG0E77sLtcMYpiZAhQxc2tNh2AAoqmtZkUjYYoJsb5vOnGnW9ikdTPyu5l+eL+vFgpZS3lyBE5JiXikitSIbekSmqEkifyQl7Jm/VsvVsf1ud0dMnKdg7IDKyvXyiuoJ4=</latexit>

N (r⇥)

<latexit sha1_base64="JWvDC3xBLIKlV4Swbi3382WTQq8=">AAACE3icbVDLSsNAFJ3UV42vaJdugkWom5KIr2XBjcsq9gFNKDfTSTt0MgkzE6GEfoZrt/oN7sStH+An+BdO2ixs64ELh3Pu5R5OkDAqleN8G6W19Y3NrfK2ubO7t39gHR61ZZwKTFo4ZrHoBiAJo5y0FFWMdBNBIAoY6QTj29zvPBEhacwf1SQhfgRDTkOKQWmpb1W8CNQIA8sepjWPQ8DgrG9Vnbozg71K3IJUUYFm3/rxBjFOI8IVZiBlz3US5WcgFMWMTE0vlSQBPIYh6WnKISLSz2bhp/apVgZ2GAs9XNkz9e9FBpGUkyjQm3lUuezl4n9eL1XhjZ9RnqSKcDx/FKbMVrGdN2EPqCBYsYkmgAXVWW08AgFY6b4WvkiliSBsapq6G3e5iVXSPq+7V/XL+4tqo1a0VEbH6ATVkIuuUQPdoSZqIYwm6AW9ojfj2Xg3PozP+WrJKG4qaAHG1y8cj53o</latexit>

R(r)
<latexit sha1_base64="Hv/np4Z4U1lXThb/PtP+O4z0/G8=">AAACGXicbVDLSsNAFJ34rPVVdSVugkWom5KIr2XBjcsq9gFNKTfTaTt0MgkzN0IJxQ9x7Va/wZ24deUn+BdO2ixs64GBwzn3cu4cPxJco+N8W0vLK6tr67mN/ObW9s5uYW+/rsNYUVajoQhV0wfNBJeshhwFa0aKQeAL1vCHN6nfeGRK81A+4Chi7QD6kvc4BTRSp3DoBYADCiK5H5c8Cb4AD3nA9GmnUHTKzgT2InEzUiQZqp3Cj9cNaRwwiVSA1i3XibCdgEJOBRvnvVizCOgQ+qxlqAST0k4mXxjbJ0bp2r1QmSfRnqh/NxIItB4FvplMD9bzXir+57Vi7F23Ey6jGJmk06BeLGwM7bQPu8sVoyhGhgBV3Nxq0wEooGham0nRaIhiYpzPm27c+SYWSf2s7F6WL+7Oi5VS1lKOHJFjUiIuuSIVckuqpEYoeSIv5JW8Wc/Wu/VhfU5Hl6xs54DMwPr6BS9WoKI=</latexit>

R(r⇥)

<latexit sha1_base64="xuSMx3f4hlXmuNP6yOFsBeBkVnw=">AAACGHicbZDLSsNAFIYnXmu8Vd0IboJFqJuSiLdlwY3LKvYCTSkn02k7dDIJMydCCfVBXLvVZ3Anbt35CL6F0zYL2/rDwMd/zuGc+YNYcI2u+20tLa+srq3nNuzNre2d3fzefk1HiaKsSiMRqUYAmgkuWRU5CtaIFYMwEKweDG7G9fojU5pH8gGHMWuF0JO8yymgsdr5Qz8E7FMQ6f2o6EsIBPi0E+FpO19wS+5EziJ4GRRIpko7/+N3IpqETCIVoHXTc2NspaCQU8FGtp9oFgMdQI81DUoImW6lkx+MnBPjdJxupMyT6EzcvxMphFoPw8B0ju/V87Wx+V+tmWD3upVyGSfIJJ0u6ibCwcgZx+F0uGIUxdAAUMXNrQ7tgwKKJrSZLRoNKCZGtm2y8eaTWITaWcm7LF3cnRfKxSylHDkix6RIPHJFyuSWVEiVUPJEXsgrebOerXfrw/qcti5Z2cwBmZH19Qs/l6Ag</latexit>

R(r·)

<latexit sha1_base64="Bh46LjzcedyuGLMn8iSI5/9tMow=">AAACBHicbZC7SgNBFIZnvcZ4i1raDAbBKuyKtzJgYxnBXCBZwtnJbDJmdnaZOSuEJa21rT6Dndj6Hj6Cb+Ek2cIk/jDw8Z9zOGf+IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwYeJUM15nsYx1KwDDpVC8jgIlbyWaQxRI3gyGt5N684lrI2L1gKOE+xH0lQgFA7RWo6MgkNAtld2KOxVdBi+HMslV65Z+Or2YpRFXyCQY0/bcBP0MNAom+bjYSQ1PgA2hz9sWFUTc+Nn02jE9tU6PhrG2TyGdun8nMoiMGUWB7YwAB2axNjH/q7VTDG/8TKgkRa7YbFGYSooxnXyd9oTmDOXIAjAt7K2UDUADQxvQ3BaDFjSX42LRZuMtJrEMjfOKd1W5vL8oV908pQI5JifkjHjkmlTJHamROmHkkbyQV/LmPDvvzofzOWtdcfKZIzIn5+sXyG6YbA==</latexit>

r
<latexit sha1_base64="3scDWcmYQGEWUdMGoUOvff978DA=">AAACCnicbVDLSsNAFJ3UV42vqks3wSK4Kon4WhbcuKxgH9CEMpnetEMnkzBzI5TQP3DtVr/Bnbj1J/wE/8Jpm4VtPXDhcM69nMsJU8E1uu63VVpb39jcKm/bO7t7+weVw6OWTjLFoMkSkahOSDUILqGJHAV0UgU0DgW0w9Hd1G8/gdI8kY84TiGI6UDyiDOKRvJ9SUNBfeQx6F6l6tbcGZxV4hWkSgo0epUfv5+wLAaJTFCtu56bYpBThZwJmNh+piGlbEQH0DVUUhMS5LOfJ86ZUfpOlCgzEp2Z+vcip7HW4zg0mzHFoV72puJ/XjfD6DbIuUwzBMnmQVEmHEycaQFOnytgKMaGUKa4+dVhQ6ooQ1PTQopGQxSIiW2bbrzlJlZJ66LmXdeuHi6rdbdoqUxOyCk5Jx65IXVyTxqkSRhJyQt5JW/Ws/VufVif89WSVdwckwVYX7+7cZsm</latexit>

r⇥

<latexit sha1_base64="ABjSrdgXZVVNLjt4zekFBon2kks=">AAACCXicbZDLSsNAFIYn9VbjrerSTbAIrkoi3pYFNy4r2AskoUwmk3boZCbMnAgl9Alcu9VncCdufQofwbdw2mZhW38Y+PjPOZwzf5RxpsF1v63K2vrG5lZ1297Z3ds/qB0edbTMFaFtIrlUvQhrypmgbWDAaS9TFKcRp91odDetd5+o0kyKRxhnNEzxQLCEEQzG8gOBI44DEkvo1+puw53JWQWvhDoq1erXfoJYkjylAgjHWvuem0FYYAWMcDqxg1zTDJMRHlDfoMAp1WExO3ninBkndhKpzBPgzNy/EwVOtR6nkelMMQz1cm1q/lfzc0huw4KJLAcqyHxRknMHpDP9vxMzRQnwsQFMFDO3OmSIFSZgUlrYosGAonxi2yYbbzmJVehcNLzrxtXDZb3plilV0Qk6RefIQzeoie5RC7URQRK9oFf0Zj1b79aH9TlvrVjlzDFakPX1C9ELmqQ=</latexit>

r·

<latexit sha1_base64="2o9NSqC1f2KTEcAwW7cGmpfkGFk=">AAACGHicbZDLSsNAFIYnXmu8Vd0IboJFqJuSiLdlwY0rqWAv0JRyMp22QyeTMHMilFAfxLVbfQZ34tadj+BbOG2zsK0/DHz85xzOmT+IBdfout/W0vLK6tp6bsPe3Nre2c3v7dd0lCjKqjQSkWoEoJngklWRo2CNWDEIA8HqweBmXK8/MqV5JB9wGLNWCD3Ju5wCGqudP/RDwD4Fkd6Nir6EQIBPOxGetvMFt+RO5CyCl0GBZKq08z9+J6JJyCRSAVo3PTfGVgoKORVsZPuJZjHQAfRY06CEkOlWOvnByDkxTsfpRso8ic7E/TuRQqj1MAxM5/hePV8bm//Vmgl2r1spl3GCTNLpom4iHIyccRxOhytGUQwNAFXc3OrQPiigaEKb2aLRgGJiZNsmG28+iUWonZW8y9LF/XmhXMxSypEjckyKxCNXpExuSYVUCSVP5IW8kjfr2Xq3PqzPaeuSlc0ckBlZX78486Ac</latexit>

N (r·)

<latexit sha1_base64="3scDWcmYQGEWUdMGoUOvff978DA=">AAACCnicbVDLSsNAFJ3UV42vqks3wSK4Kon4WhbcuKxgH9CEMpnetEMnkzBzI5TQP3DtVr/Bnbj1J/wE/8Jpm4VtPXDhcM69nMsJU8E1uu63VVpb39jcKm/bO7t7+weVw6OWTjLFoMkSkahOSDUILqGJHAV0UgU0DgW0w9Hd1G8/gdI8kY84TiGI6UDyiDOKRvJ9SUNBfeQx6F6l6tbcGZxV4hWkSgo0epUfv5+wLAaJTFCtu56bYpBThZwJmNh+piGlbEQH0DVUUhMS5LOfJ86ZUfpOlCgzEp2Z+vcip7HW4zg0mzHFoV72puJ/XjfD6DbIuUwzBMnmQVEmHEycaQFOnytgKMaGUKa4+dVhQ6ooQ1PTQopGQxSIiW2bbrzlJlZJ66LmXdeuHi6rdbdoqUxOyCk5Jx65IXVyTxqkSRhJyQt5JW/Ws/VufVif89WSVdwckwVYX7+7cZsm</latexit>

r⇥
<latexit sha1_base64="ABjSrdgXZVVNLjt4zekFBon2kks=">AAACCXicbZDLSsNAFIYn9VbjrerSTbAIrkoi3pYFNy4r2AskoUwmk3boZCbMnAgl9Alcu9VncCdufQofwbdw2mZhW38Y+PjPOZwzf5RxpsF1v63K2vrG5lZ1297Z3ds/qB0edbTMFaFtIrlUvQhrypmgbWDAaS9TFKcRp91odDetd5+o0kyKRxhnNEzxQLCEEQzG8gOBI44DEkvo1+puw53JWQWvhDoq1erXfoJYkjylAgjHWvuem0FYYAWMcDqxg1zTDJMRHlDfoMAp1WExO3ninBkndhKpzBPgzNy/EwVOtR6nkelMMQz1cm1q/lfzc0huw4KJLAcqyHxRknMHpDP9vxMzRQnwsQFMFDO3OmSIFSZgUlrYosGAonxi2yYbbzmJVehcNLzrxtXDZb3plilV0Qk6RefIQzeoie5RC7URQRK9oFf0Zj1b79aH9TlvrVjlzDFakPX1C9ELmqQ=</latexit>

r·

<latexit sha1_base64="vHYbnOZcLKNvMSLJ5i4BcCRSkCY=">AAAB/3icbZC7SgNBFIbPeo3xFrW0GQyCVdgVb2XAxjIBc4FkCbOTs8mQ2dllZlYISwprW30GO7H1UXwE38JJsoVJ/GHg4z/ncM78QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG99N66wmV5rF8NOME/YgOJA85o8ZadbdXKrsVdyayCl4OZchV65V+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixKGmE2s9mh07IuXX6JIyVfdKQmft3IqOR1uMosJ0RNUO9XJua/9U6qQnv/IzLJDUo2XxRmApiYjL9NelzhcyIsQXKFLe3EjakijJjs1nYoo0FhWJSLNpsvOUkVqF5WfFuKtf1q3LVzVMqwCmcwQV4cAtVeIAaNIABwgu8wpvz7Lw7H87nvHXNyWdOYEHO1y+P8pYQ</latexit>

0
<latexit sha1_base64="vHYbnOZcLKNvMSLJ5i4BcCRSkCY=">AAAB/3icbZC7SgNBFIbPeo3xFrW0GQyCVdgVb2XAxjIBc4FkCbOTs8mQ2dllZlYISwprW30GO7H1UXwE38JJsoVJ/GHg4z/ncM78QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG99N66wmV5rF8NOME/YgOJA85o8ZadbdXKrsVdyayCl4OZchV65V+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixKGmE2s9mh07IuXX6JIyVfdKQmft3IqOR1uMosJ0RNUO9XJua/9U6qQnv/IzLJDUo2XxRmApiYjL9NelzhcyIsQXKFLe3EjakijJjs1nYoo0FhWJSLNpsvOUkVqF5WfFuKtf1q3LVzVMqwCmcwQV4cAtVeIAaNIABwgu8wpvz7Lw7H87nvHXNyWdOYEHO1y+P8pYQ</latexit>

0
<latexit sha1_base64="vHYbnOZcLKNvMSLJ5i4BcCRSkCY=">AAAB/3icbZC7SgNBFIbPeo3xFrW0GQyCVdgVb2XAxjIBc4FkCbOTs8mQ2dllZlYISwprW30GO7H1UXwE38JJsoVJ/GHg4z/ncM78QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG99N66wmV5rF8NOME/YgOJA85o8ZadbdXKrsVdyayCl4OZchV65V+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixKGmE2s9mh07IuXX6JIyVfdKQmft3IqOR1uMosJ0RNUO9XJua/9U6qQnv/IzLJDUo2XxRmApiYjL9NelzhcyIsQXKFLe3EjakijJjs1nYoo0FhWJSLNpsvOUkVqF5WfFuKtf1q3LVzVMqwCmcwQV4cAtVeIAaNIABwgu8wpvz7Lw7H87nvHXNyWdOYEHO1y+P8pYQ</latexit>

0

<latexit sha1_base64="Bh46LjzcedyuGLMn8iSI5/9tMow=">AAACBHicbZC7SgNBFIZnvcZ4i1raDAbBKuyKtzJgYxnBXCBZwtnJbDJmdnaZOSuEJa21rT6Dndj6Hj6Cb+Ek2cIk/jDw8Z9zOGf+IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwYeJUM15nsYx1KwDDpVC8jgIlbyWaQxRI3gyGt5N684lrI2L1gKOE+xH0lQgFA7RWo6MgkNAtld2KOxVdBi+HMslV65Z+Or2YpRFXyCQY0/bcBP0MNAom+bjYSQ1PgA2hz9sWFUTc+Nn02jE9tU6PhrG2TyGdun8nMoiMGUWB7YwAB2axNjH/q7VTDG/8TKgkRa7YbFGYSooxnXyd9oTmDOXIAjAt7K2UDUADQxvQ3BaDFjSX42LRZuMtJrEMjfOKd1W5vL8oV908pQI5JifkjHjkmlTJHamROmHkkbyQV/LmPDvvzofzOWtdcfKZIzIn5+sXyG6YbA==</latexit>

r

<latexit sha1_base64="vHYbnOZcLKNvMSLJ5i4BcCRSkCY=">AAAB/3icbZC7SgNBFIbPeo3xFrW0GQyCVdgVb2XAxjIBc4FkCbOTs8mQ2dllZlYISwprW30GO7H1UXwE38JJsoVJ/GHg4z/ncM78QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG99N66wmV5rF8NOME/YgOJA85o8ZadbdXKrsVdyayCl4OZchV65V+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixKGmE2s9mh07IuXX6JIyVfdKQmft3IqOR1uMosJ0RNUO9XJua/9U6qQnv/IzLJDUo2XxRmApiYjL9NelzhcyIsQXKFLe3EjakijJjs1nYoo0FhWJSLNpsvOUkVqF5WfFuKtf1q3LVzVMqwCmcwQV4cAtVeIAaNIABwgu8wpvz7Lw7H87nvHXNyWdOYEHO1y+P8pYQ</latexit>

0

<latexit sha1_base64="rmOVarKDpphaJMrWzUchFqN3wG4=">AAACE3icbVDLSsNAFJ3UV42vaJdugkWom5KIr2XBjSupYB/QlHIznbZDJ5MwMxFCyGe4dqvf4E7c+gF+gn/hpM3Cth64cDjnXu7h+BGjUjnOt1FaW9/Y3Cpvmzu7e/sH1uFRW4axwKSFQxaKrg+SMMpJS1HFSDcSBAKfkY4/vc39zhMRkob8USUR6Qcw5nREMSgtDayKF4CaYGDpfVbzOPgMzgZW1ak7M9irxC1IFRVoDqwfbxjiOCBcYQZS9lwnUv0UhKKYkcz0YkkiwFMYk56mHAIi++ksfGafamVoj0Khhyt7pv69SCGQMgl8vZlHlcteLv7n9WI1uumnlEexIhzPH41iZqvQzpuwh1QQrFiiCWBBdVYbT0AAVrqvhS9SaSIIy0xTd+MuN7FK2ud196p++XBRbdSKlsroGJ2gGnLRNWqgO9RELYRRgl7QK3ozno1348P4nK+WjOKmghZgfP0CFf+d5A==</latexit>

N (r)

<latexit sha1_base64="YTDjYoSjXhJfqvZ19RQJ72OVerg=">AAACAnicbZDJSgNBEIZr4hbjFvXopTEInsKMuB0DXjxGMAskQ+jp1GSa9Cx09whhyM2zV30Gb+LVF/ERfAt7kjmYxB8aPv6qoqp/LxFcadv+tkpr6xubW+Xtys7u3v5B9fCoreJUMmyxWMSy61GFgkfY0lwL7CYSaegJ7Hjju7zeeUKpeBw96kmCbkhHEfc5ozq3+knAB9WaXbdnIqvgFFCDQs1B9ac/jFkaYqSZoEr1HDvRbkal5kzgtNJPFSaUjekIewYjGqJys9mtU3JmnCHxY2lepMnM/TuR0VCpSeiZzpDqQC3XcvO/Wi/V/q2b8ShJNUZsvshPBdExyT9Ohlwi02JigDLJza2EBVRSpk08C1uUNiBRTCsVk42znMQqtC/qznX96uGy1rCLlMpwAqdwDg7cQAPuoQktYBDAC7zCm/VsvVsf1ue8tWQVM8ewIOvrF0txl5s=</latexit>

�
<latexit sha1_base64="QwPyqliMszB8FgXpWZhXSDkI8Tk=">AAACAnicbZDLSgMxFIYz9VbrrerSTbAIrsqMeFsW3LisYC/QDiWTnumEZpIhyQhl6M61W30Gd+LWF/ERfAsz7Sxs6w+Bj/+cwzn5g4QzbVz32ymtrW9sbpW3Kzu7e/sH1cOjtpapotCikkvVDYgGzgS0DDMcuokCEgccOsH4Lq93nkBpJsWjmSTgx2QkWMgoMbnVV5EcVGtu3Z0Jr4JXQA0Vag6qP/2hpGkMwlBOtO55bmL8jCjDKIdppZ9qSAgdkxH0LAoSg/az2a1TfGadIQ6lsk8YPHP/TmQk1noSB7YzJibSy7Xc/K/WS01462dMJKkBQeeLwpRjI3H+cTxkCqjhEwuEKmZvxTQiilBj41nYoo0FBXxaqdhsvOUkVqF9Ufeu61cPl7WGW6RURifoFJ0jD92gBrpHTdRCFEXoBb2iN+fZeXc+nM95a8kpZo7RgpyvX1hNl6M=</latexit>⇢<latexit sha1_base64="HEUYVzaLjY10T6foI37qFcUbVqw=">AAACBXicbZDLSsNAFIYn9VbrrerSTbAIrkoi3pYFEVxWsBdoQ5lMT9qhk0mYOSmUkLVrt/oM7sStz+Ej+BZO2yxs6w8DH/85h3Pm92PBNTrOt1VYW9/Y3Cpul3Z29/YPyodHTR0likGDRSJSbZ9qEFxCAzkKaMcKaOgLaPmju2m9NQaleSSfcBKDF9KB5AFnFI3V6o6BpfdZr1xxqs5M9iq4OVRIrnqv/NPtRywJQSITVOuO68TopVQhZwKyUjfREFM2ogPoGJQ0BO2ls3Mz+8w4fTuIlHkS7Zn7dyKlodaT0DedIcWhXq5Nzf9qnQSDWy/lMk4QJJsvChJhY2RP/273uQKGYmKAMsXNrTYbUkUZmoQWtmg0oEBkpZLJxl1OYhWaF1X3unr1eFmpOXlKRXJCTsk5cckNqZEHUicNwsiIvJBX8mY9W+/Wh/U5by1Y+cwxWZD19Qu4yJjz</latexit>

~E
<latexit sha1_base64="AAPVRG5IU0xq4XRjGdoSngoTj0Q=">AAACBXicbZDLSsNAFIYn9VbrrerSTbAIrkoi3pYFN11WsBdoQ5lMT9qhk0mYOSmUkLVrt/oM7sStz+Ej+BZO2yxs6w8DH/85h3Pm92PBNTrOt1XY2Nza3inulvb2Dw6PyscnLR0likGTRSJSHZ9qEFxCEzkK6MQKaOgLaPvjh1m9PQGleSSfcBqDF9Kh5AFnFI3V7k2ApfWsX644VWcuex3cHCokV6Nf/ukNIpaEIJEJqnXXdWL0UqqQMwFZqZdoiCkb0yF0DUoagvbS+bmZfWGcgR1EyjyJ9tz9O5HSUOtp6JvOkOJIr9Zm5n+1boLBvZdyGScIki0WBYmwMbJnf7cHXAFDMTVAmeLmVpuNqKIMTUJLWzQaUCCyUslk464msQ6tq6p7W715vK7UnDylIjkj5+SSuOSO1EidNEiTMDImL+SVvFnP1rv1YX0uWgtWPnNKlmR9/QK9nJj2</latexit>

~H

<latexit sha1_base64="2z7rIIwo9PFtFTVJVEuBUQ51nnE=">AAACBXicbZDLSsNAFIYn9VbrrerSTbAIrkoi3pZFNy4r2Au0oUymJ+3QySTMnBRKyNq1W30Gd+LW5/ARfAunbRa29YeBj/+cwznz+7HgGh3n2yqsrW9sbhW3Szu7e/sH5cOjpo4SxaDBIhGptk81CC6hgRwFtGMFNPQFtPzR/bTeGoPSPJJPOInBC+lA8oAzisZqdcfA0rusV644VWcmexXcHCokV71X/un2I5aEIJEJqnXHdWL0UqqQMwFZqZtoiCkb0QF0DEoagvbS2bmZfWacvh1EyjyJ9sz9O5HSUOtJ6JvOkOJQL9em5n+1ToLBrZdyGScIks0XBYmwMbKnf7f7XAFDMTFAmeLmVpsNqaIMTUILWzQaUCCyUslk4y4nsQrNi6p7Xb16vKzUnDylIjkhp+ScuOSG1MgDqZMGYWREXsgrebOerXfrw/qctxasfOaYLMj6+gWz9Jjw</latexit>

~B
<latexit sha1_base64="kH2xflsTwbbi1c5eKQj5QsWhCMs=">AAACBXicbZDLSsNAFIYn9VbrrerSTbAIrkoi3pYFXbisYC/QhjKZnrRDJ5Mwc1IoIWvXbvUZ3Ilbn8NH8C2ctlnY1h8GPv5zDufM78eCa3Scb6uwtr6xuVXcLu3s7u0flA+PmjpKFIMGi0Sk2j7VILiEBnIU0I4V0NAX0PJHd9N6awxK80g+4SQGL6QDyQPOKBqr1R0DS++zXrniVJ2Z7FVwc6iQXPVe+afbj1gSgkQmqNYd14nRS6lCzgRkpW6iIaZsRAfQMShpCNpLZ+dm9plx+nYQKfMk2jP370RKQ60noW86Q4pDvVybmv/VOgkGt17KZZwgSDZfFCTCxsie/t3ucwUMxcQAZYqbW202pIoyNAktbNFoQIHISiWTjbucxCo0L6rudfXq8bJSc/KUiuSEnJJz4pIbUiMPpE4ahJEReSGv5M16tt6tD+tz3lqw8pljsiDr6xe3LJjy</latexit>

~D
<latexit sha1_base64="OPT1NIBs24NyEKQt4Gb9JIdDNV0=">AAACBXicbZDLSsNAFIYn9VbrrerSTbAIrkoi3pYFN+Kqgr1AG8pketIOnUzCzEmhhKxdu9VncCdufQ4fwbdw2mZhW38Y+PjPOZwzvx8LrtFxvq3C2vrG5lZxu7Szu7d/UD48auooUQwaLBKRavtUg+ASGshRQDtWQENfQMsf3U3rrTEozSP5hJMYvJAOJA84o2isVncMLH3IeuWKU3VmslfBzaFCctV75Z9uP2JJCBKZoFp3XCdGL6UKOROQlbqJhpiyER1Ax6CkIWgvnZ2b2WfG6dtBpMyTaM/cvxMpDbWehL7pDCkO9XJtav5X6yQY3Hopl3GCINl8UZAIGyN7+ne7zxUwFBMDlClubrXZkCrK0CS0sEWjAQUiK5VMNu5yEqvQvKi619Wrx8tKzclTKpITckrOiUtuSI3ckzppEEZG5IW8kjfr2Xq3PqzPeWvBymeOyYKsr1/A1Jj4</latexit>

~J

Such that:
<latexit sha1_base64="wIWwXS3ha0PBvRp3ki9UUSXdTPs=">AAACK3icbVDLSgMxFM34tr6qLt0EiyAoZUZ8LQsiuFSwD+iUkklvbWgmMyR3CmWYj/BDXLvVb3CluHXhX5jWWdjWA4HDOfdybk4QS2HQdd+dufmFxaXlldXC2vrG5lZxe6dmokRzqPJIRroRMANSKKiiQAmNWAMLAwn1oH818usD0EZE6h6HMbRC9qBEV3CGVmoXj3zFAsl8FCEY6g+Ap9fZMfWP/+pj+SZrF0tu2R2DzhIvJyWS47Zd/PY7EU9CUMglM6bpuTG2UqZRcAlZwU8MxIz32QM0LVXMZrXS8acyemCVDu1G2j6FdKz+3UhZaMwwDOxkyLBnpr2R+J/XTLB72UqFihMExX+DuomkGNFRQ7QjNHCUQ0sY18LeSnmPacbR9jiRYtASDTIrFGw33nQTs6R2UvbOy2d3p6WKm7e0QvbIPjkkHrkgFXJDbkmVcPJInskLeXWenDfnw/n8HZ1z8p1dMgHn6wdmD6gK</latexit>

r⇥ ~E, r⇥ ~H

<latexit sha1_base64="3U11DEDYzTiMIgIBTUg29yTypfc=">AAACQHicbZA9SwNBEIb3/IzxK2ppsxgECwl34lcZ1EKsIphEyIWwt5no4t7esTsXCMf9HX+Ita2C/0ArsbVyc0lhoi8svDwzw8y+QSyFQdd9c2Zm5+YXFgtLxeWV1bX10sZmw0SJ5lDnkYz0bcAMSKGgjgIl3MYaWBhIaAYP58N6sw/aiEjd4CCGdsjulOgJztCiTqnqKxZI5vNuhNTvA0/Psn3q7//COb3IKZ3GV1mnVHYrbi7613hjUyZj1TqlD78b8SQEhVwyY1qeG2M7ZRoFl5AV/cRAzPgDu4OWtYqFYNpp/tOM7lrSpb1I26eQ5vT3RMpCYwZhYDtDhvdmujaE/9VaCfZO26lQcYKg+GhRL5EUIzqMjXaFBo5yYA3jWthbKb9nmnG04U5sMWiNBpkVizYbbzqJv6ZxUPGOK0fXh+WqO06pQLbJDtkjHjkhVXJJaqROOHkkz+SFvDpPzrvz6XyNWmec8cwWmZDz/QOgsrAV</latexit>

r · ~B, r · ~D, r · ~J make sense.
<latexit sha1_base64="lvYSQBNLTtvLKdx1eXwH1zsKZq0=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMeFsW3LisYC8wM5QzaaYNzSRDkhHK0Cdw7VafwZ249Sl8BN/CtJ2Fbf0h8PGfczgnf5Rypo3rfjultfWNza3ydmVnd2//oHp41NYyU4S2iORSdSPQlDNBW4YZTrupopBEnHai0d203nmiSjMpHs04pWECA8FiRsBYyw8ERBxwkA5Zr1pz6+5MeBW8AmqoULNX/Qn6kmQJFYZw0Nr33NSEOSjDCKeTSpBpmgIZwYD6FgUkVIf57OQJPrNOH8dS2ScMnrl/J3JItB4nke1MwAz1cm1q/lfzMxPfhjkTaWaoIPNFccaxkXj6f9xnihLDxxaAKGZvxWQICoixKS1s0caConxSqdhsvOUkVqF9Ufeu61cPl7WGW6RURifoFJ0jD92gBrpHTdRCBEn0gl7Rm/PsvDsfzue8teQUM8doQc7XL1rkmls=</latexit>

r�

Example: Electromagnetics (Maxwell’s equations)
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Spatial discretization shallow waters
Underlying mathematical structure: de Rham complex
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Spaces constitute an exact sequence: the de Rham complex

Arnold, Falk, Winther
Bossavit
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Spatial discretization shallow waters
Underlying mathematical structure: de Rham complex

Topological relations
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Differential geometry
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• Cohomology and harmonic forms: 

• Dual complex:
<latexit sha1_base64="gUUMe/Ju/ReXviqGZtQYCadvmis=">AAACLnicbVBbS8MwGE3nbc7b1EdfgkMQcaOVeUEQBiL4OGE3WGtJs2wLS9OSpMIo/UW++Ff0QVARX/0ZptuEuXkg4eR85yPfd7yQUalM883ILCwuLa9kV3Nr6xubW/ntnYYMIoFJHQcsEC0PScIoJ3VFFSOtUBDke4w0vcF1Wm8+ECFpwGtqGBLHRz1OuxQjpSU3f2P7SPWFH3eS+/goceNBAi+voF3rE4X0q2hpXV/28bSRFwep8mtK3HzBLJkjwHliTUgBTFB18y92J8CRT7jCDEnZtsxQOTESimJGkpwdSRIiPEA90taUI59IJx6tm8ADrXRgNxD6cAVH6nRHjHwph76nnenMcraWiv/V2pHqXjgx5WGkCMfjj7oRgyqAaXawQwXBig01QVhQPSvEfSQQVjrhnA7Bml15njROStZZ6fSuXKiUJ3FkwR7YB4fAAuegAm5BFdQBBo/gGbyDD+PJeDU+ja+xNWNMenbBHxjfP5yuqXo=</latexit>

d⇤k := ⇥�1
k�1 d

n�k ⇥k

• Duality:
<latexit sha1_base64="yGXAwUymcCNGbtv3X+7sehTEBGI="></latexit>

N (dk)? = R(d⇤k+1)

• Hodge decomposition:
<latexit sha1_base64="sS8iBfAzYxljkdKT3so5Uev+Crk="></latexit>

⇤k = R(dk�1) � H � R(d⇤k+1)
<latexit sha1_base64="H6GLDN+43JMrt1vaCnpoEhx2hbA="></latexit>

↵k = d�k�1 + �k + d⇤ k+1

• …

<latexit sha1_base64="9h3A26QzidY5q0+GLhnqXejelXE="></latexit>

N (dk)/R(dk�1) ! H

<latexit sha1_base64="3rv/aEA0ulUP9bZ6wiVwKxZVtOA="></latexit>

d0 ! r, d1 ! r⇥, d2 ! r·

<latexit sha1_base64="ZMSvjGdBYdk89dirf5eqOYZx/4Q=">AAACJHicbZDJSgNBEIZ7XGPcRj16aYyCBw0z4oYgBLx4jGBMIBNDT08lNulZ6K4RwjAv4IN49qrP4E08ePHuW9hZDkb9oeHnryqq+vMTKTQ6zoc1NT0zOzdfWCguLi2vrNpr6zc6ThWHGo9lrBo+0yBFBDUUKKGRKGChL6Hu9y4G9fo9KC3i6Br7CbRC1o1ER3CGJmrb214AEhk9O6eeRqZus303p17I8E6FWZAPw7ZdcsrOUPSvccemRMaqtu0vL4h5GkKEXDKtm66TYCtjCgWXkBe9VEPCeI91oWlsxELQrWz4m5zumCSgnViZFyEdpj8nMhZq3Q990zk4U/+uDcL/as0UO6etTERJihDx0aJOKinGdICGBkIBR9k3hnElzK2U3zHFOBqAE1sMFN5TIPNi0bBxf5P4a24Oyu5x+ejqsFTZG1MqkE2yRXaJS05IhVySKqkRTh7IE3kmL9aj9Wq9We+j1ilrPLNBJmR9fgMm7aTJ</latexit>

� := ?�1d?

<latexit sha1_base64="k1uyxoYLprfDPgqGckHCBKUZL5A="></latexit>

er := ⇥�1
2 r⇥3

<latexit sha1_base64="jLJ0LvzOW5NAuvnszVaXvLLbjeo="></latexit>

gr⇥ := ⇥�1
1 r⇥⇥2

<latexit sha1_base64="vLnAVPNU0Swsn0Gqf/X38IG4WgA="></latexit>

fr· := ⇥�1
0 r ·⇥1

<latexit sha1_base64="7tlOgM+Nf60MBW03KMslI7wLv/Q=">AAACF3icbZDLSsNAFIYnXmu9RV24cBMsggspiXhbFty4rGAv0JQymZy2QyeTMHOilJAHce1Wn8GduHXpI/gWTi8L2/rDwMd/zuGc+YNEcI2u+20tLa+srq0XNoqbW9s7u/befl3HqWJQY7GIVTOgGgSXUEOOApqJAhoFAhrB4HZUbzyC0jyWDzhMoB3RnuRdzigaq2Mf+k88BOQihMyXNBDUZ2GMeccuuWV3LGcRvCmUyFTVjv3jhzFLI5DIBNW65bkJtjOqkDMBedFPNSSUDWgPWgYljUC3s/EHcufEOKHTjZV5Ep2x+3cio5HWwygwnRHFvp6vjcz/aq0UuzftjMskRZBssqibCgdjZ5SGE3IFDMXQAGWKm1sd1qeKMjSZzWzRaECByItFk403n8Qi1M/L3lX58v6iVDmbplQgR+SYnBKPXJMKuSNVUiOM5OSFvJI369l6tz6sz0nrkjWdOSAzsr5+AXn5oFg=</latexit>

fr·
<latexit sha1_base64="MIFDGqkzGIq9hf42JI6d6rSwKw8=">AAACGHicbVDLSsNAFJ3UV62vqBvBTbAILqQk4mtZcOOygn1AU8pkctsOnUzCzI1SQv0Q1271G9yJW3d+gn/h9LGwrQcGDufcy7lzgkRwja77beWWlldW1/LrhY3Nre0de3evpuNUMaiyWMSqEVANgkuoIkcBjUQBjQIB9aB/M/LrD6A0j+U9DhJoRbQreYczikZq2wf+Iw8BuQgh8yUNBPWRR6CHbbvoltwxnEXiTUmRTFFp2z9+GLM0AolMUK2bnptgK6MKORMwLPiphoSyPu1C01BJTUorG/9g6BwbJXQ6sTJPojNW/25kNNJ6EAVmMqLY0/PeSPzPa6bYuW5lXCYpgmSToE4qHIydUR1OyBUwFANDKFPc3OqwHlWUoSltJkWjIQrEsFAw3XjzTSyS2lnJuyxd3J0Xy6fTlvLkkByRE+KRK1Imt6RCqoSRJ/JCXsmb9Wy9Wx/W52Q0Z0139skMrK9faaCg2g==</latexit>

gr⇥
<latexit sha1_base64="sntALF5tNlnumn5WGOSq8JAp2eQ=">AAACEnicbZBLSgNBEIZ74iuOrxiXbgaD4ELCjPhaBty4jGAekITQ01NJmvT0DN01ahhyC9du9QzuxK0X8Ajewk4yC5P4Q8HHX1VU8fux4Bpd99vKrayurW/kN+2t7Z3dvcJ+sa6jRDGosUhEqulTDYJLqCFHAc1YAQ19AQ1/eDPpNx5AaR7JexzF0AlpX/IeZxSN1S0U2488AOQigLQtqS/ouFsouWV3KmcZvAxKJFO1W/hpBxFLQpDIBNW65bkxdlKqkDMBY7udaIgpG9I+tAxKGoLupNPfx86xcQKnFylTEp2p+3cjpaHWo9A3kyHFgV7sTcz/eq0Ee9edlMs4QZBsdqiXCAcjZxKEE3AFDMXIAGWKm18dNqCKMjRxzV3RaECBGNu2ycZbTGIZ6mdl77J8cXdeqpxmKeXJITkiJ8QjV6RCbkmV1AgjT+SFvJI369l6tz6sz9lozsp2DsicrK9fV2meIA==</latexit>

er
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Spatial discretization shallow waters
Underlying mathematical structure: de Rham complex

Discrete world

We just need to find a discrete version!

Not quite! It needs to relate to the 
continuous
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Spatial discretization shallow waters
Underlying mathematical structure: discrete de Rham complex
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<latexit sha1_base64="/BJ+izgaYbhMgEdsCzvY+jIZYm8="></latexit>
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If equal, it would be the holy grail!
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Continuous world

Continuous world

Discrete world

Bridge: continuous-discrete

Bridge: continuous-discrete

<latexit sha1_base64="vPvx9BSPyCrkwRrWbV3zj2eW/80="></latexit>
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Ik
kProjection onto the primal discrete space k

Projection onto the dual discrete space k

Interpolator into the continuous primal space k

Interpolator into the continuous dual space k
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Spatial discretization shallow waters
How does this compare to Arakawa and Lamb?
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Spatial discretization shallow waters
How does this compare to Arakawa and Lamb?

<latexit sha1_base64="mzM4dbmWFjvYmaGMvD3/6Fu4lCk="></latexit>

K :=
1

2
u · u

<latexit sha1_base64="Se+qVEs4ERi945jGiR4WRLws0WU="></latexit>

F := hu

<latexit sha1_base64="h+tksATNnw24oWsKHo/uu/8wksE="></latexit>

! := ez ·r⇥ u

<latexit sha1_base64="r7OdFQty3oE6+uVNCH0Sob0xSqY="></latexit>

q :=
!

h

<latexit sha1_base64="Zp7mNmjcibQeuqEiYnHOGdIOtzM="></latexit>

@h

@t
+r · F = 0

<latexit sha1_base64="fnCbhBqM83bDlfE0S80G0Y+djqs="></latexit>

@u

@t
+ qez ⇥ F +r (K + hg) = 0

Arakawa and Lamb e.g., FEM
<latexit sha1_base64="4kX3txDCoBFdRLKqg1q2AJbO+5E="></latexit>8
>>>>>>>>>>><

>>>>>>>>>>>:

h�h,
@uh

@t
i = �h�h, qh ⇥ F hi+ hr · �h,Kh + ghhi, 8�h 2 Dp(⌦h)

h✓h,
@hh

@t
i = �h✓h,r · F hi, 8✓h 2 Sp(⌦h)

h�h,F hi = h�h, hhuhi, 8�h 2 Dp(⌦h)

h✓h,Khi = h✓h,
1

2
uh · uhi, 8✓h 2 Sp(⌦h)

h⇠h, hhqhi = hr ⇥ ⇠h,uhi, 8⇠h 2 Gp(⌦h)
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Figure 21. Pictorial view of Definition 44: The dual of an edge in D ⇢ R
3 is

gray shaded surface in D̃. The cofaces of this gray surface are the two adjoining
volumes in D̃. The boundary of the edge are the two endnodes in D. The dual
of the two endnodes are again the volumes in D̃ surrounding these points.

Remark 19. The dual grid in Figure 22 is only a cell complex in case the top side is connected to
the bottom side and the left side to the right side. This holds for domains with periodic boundary
conditions.

*

Primal grid Dual grid Staggered grid

Figure 22. Example of a primal grid and dual grid is shown (not necessarily a cell
complex), with for every cell ⌧(k) the associated dual cell ⌧̃(n�k) and corresponding
orientation. On the right the staggered grid, an overlap of both grids, is shown.

Remark 20. Note that, in Figure 22, the primal cell complex, D, is chosen outer oriented. Then
by duality, the dual cell complex, D̃, is inner oriented. In fact, the orientation itself does not
change, only the corresponding cell changes. This was shown before in Figure 7.

Remark 21. If we equip the cell complex, D, with an outer orientation, the the dual complex,
D̃, models geometric objects with inner orientation. Alternatively, inner orientation could be
represented on the cell complex D, in which case the outer representation is modeled on the dual cell
complex D̃. In this respect, dual cell complexes are able to model the inner- and outer-orientation
as discussed in Section 2.2 and in the introductory Section 1.2.

3.4. The boundary of cell complexes. A collection of k-cells forms a cell complex if the
boundary of these k-cells are also in the cell complex. Therefore, cell complexes consist of an
interior Di and a boundary part Db, where D = Di [Db. The boundary part contains cells up to
degree (n � 1). Since D̃ is dual to D, we have that D̃i [ D̃b is dual to Di [Db. More precisely,
D̃i = ⇤Di and D̃b = ⇤Db. The individual parts do not need to be cell complexes themselves. In
case Di is a cell complex on a manifold with boundary, then D̃i is not a cell complex, because
not all faces of the k-cells in D̃i, k = 1, . . . , n, are also in D̃i. Examples can be found in [116] and
Examples 19 and 20 below.

Definition 47. (The boundary of cell complexes) Let D be a cell complex. If ⇤D is not a
cell complex, let D̃ be the smallest cell complex which contains all the k-cells of ⇤D. All the k-cells
in D̃ \ ⇤D form a (n � 1)-dimensional cell complex, D̃b := @D̃ called the boundary of D̃. The
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<latexit sha1_base64="iVk/4X3kQ9v4FZ5ZGIILC9XsoqU=">AAACMnicbVDLSsNAFJ34rPXVqrtugkVwVRLBx86CC122YB/QhjKZ3LRDJ5kwMynUkC9wq7/hqj+ju+LWj3DSdmFbD1w4nHMv957rRoxKZVmfxsbm1vbObm4vv39weHRcKJ40JY8FgQbhjIu2iyUwGkJDUcWgHQnAgcug5Q4fMr81AiEpD5/VOAInwP2Q+pRgpaX6qFcoWxVrBnOd2AtSvp+8TB8/zpJar2iUuh4ncQChIgxL2bGtSDkJFooSBmm+G0uIMBniPnQ0DXEA0klml6bmhVY80+dCV6jMmfp3IsGBlOPA1Z0BVgO56mXif14nVv6dk9AwihWEZL7Ij5mpuJnFNj0qgCg21gQTQfWtJhlggYnSz1newvpcNwyCdFWOJMQ6OveWUybZNYpzJtO8fqe9+rx10ryq2DeV67pVrlpojhwqoXN0iWx0i6roCdVQAxEE6BW9oXdjYnwZU+N73rphLGZO0RKMn19xzK7j</latexit>v <latexit sha1_base64="iVk/4X3kQ9v4FZ5ZGIILC9XsoqU=">AAACMnicbVDLSsNAFJ34rPXVqrtugkVwVRLBx86CC122YB/QhjKZ3LRDJ5kwMynUkC9wq7/hqj+ju+LWj3DSdmFbD1w4nHMv957rRoxKZVmfxsbm1vbObm4vv39weHRcKJ40JY8FgQbhjIu2iyUwGkJDUcWgHQnAgcug5Q4fMr81AiEpD5/VOAInwP2Q+pRgpaX6qFcoWxVrBnOd2AtSvp+8TB8/zpJar2iUuh4ncQChIgxL2bGtSDkJFooSBmm+G0uIMBniPnQ0DXEA0klml6bmhVY80+dCV6jMmfp3IsGBlOPA1Z0BVgO56mXif14nVv6dk9AwihWEZL7Ij5mpuJnFNj0qgCg21gQTQfWtJhlggYnSz1newvpcNwyCdFWOJMQ6OveWUybZNYpzJtO8fqe9+rx10ryq2DeV67pVrlpojhwqoXN0iWx0i6roCdVQAxEE6BW9oXdjYnwZU+N73rphLGZO0RKMn19xzK7j</latexit>v

<latexit sha1_base64="iVk/4X3kQ9v4FZ5ZGIILC9XsoqU=">AAACMnicbVDLSsNAFJ34rPXVqrtugkVwVRLBx86CC122YB/QhjKZ3LRDJ5kwMynUkC9wq7/hqj+ju+LWj3DSdmFbD1w4nHMv957rRoxKZVmfxsbm1vbObm4vv39weHRcKJ40JY8FgQbhjIu2iyUwGkJDUcWgHQnAgcug5Q4fMr81AiEpD5/VOAInwP2Q+pRgpaX6qFcoWxVrBnOd2AtSvp+8TB8/zpJar2iUuh4ncQChIgxL2bGtSDkJFooSBmm+G0uIMBniPnQ0DXEA0klml6bmhVY80+dCV6jMmfp3IsGBlOPA1Z0BVgO56mXif14nVv6dk9AwihWEZL7Ij5mpuJnFNj0qgCg21gQTQfWtJhlggYnSz1newvpcNwyCdFWOJMQ6OveWUybZNYpzJtO8fqe9+rx10ryq2DeV67pVrlpojhwqoXN0iWx0i6roCdVQAxEE6BW9oXdjYnwZU+N73rphLGZO0RKMn19xzK7j</latexit>v <latexit sha1_base64="iVk/4X3kQ9v4FZ5ZGIILC9XsoqU=">AAACMnicbVDLSsNAFJ34rPXVqrtugkVwVRLBx86CC122YB/QhjKZ3LRDJ5kwMynUkC9wq7/hqj+ju+LWj3DSdmFbD1w4nHMv957rRoxKZVmfxsbm1vbObm4vv39weHRcKJ40JY8FgQbhjIu2iyUwGkJDUcWgHQnAgcug5Q4fMr81AiEpD5/VOAInwP2Q+pRgpaX6qFcoWxVrBnOd2AtSvp+8TB8/zpJar2iUuh4ncQChIgxL2bGtSDkJFooSBmm+G0uIMBniPnQ0DXEA0klml6bmhVY80+dCV6jMmfp3IsGBlOPA1Z0BVgO56mXif14nVv6dk9AwihWEZL7Ij5mpuJnFNj0qgCg21gQTQfWtJhlggYnSz1newvpcNwyCdFWOJMQ6OveWUybZNYpzJtO8fqe9+rx10ryq2DeV67pVrlpojhwqoXN0iWx0i6roCdVQAxEE6BW9oXdjYnwZU+N73rphLGZO0RKMn19xzK7j</latexit>v

<latexit sha1_base64="iVk/4X3kQ9v4FZ5ZGIILC9XsoqU=">AAACMnicbVDLSsNAFJ34rPXVqrtugkVwVRLBx86CC122YB/QhjKZ3LRDJ5kwMynUkC9wq7/hqj+ju+LWj3DSdmFbD1w4nHMv957rRoxKZVmfxsbm1vbObm4vv39weHRcKJ40JY8FgQbhjIu2iyUwGkJDUcWgHQnAgcug5Q4fMr81AiEpD5/VOAInwP2Q+pRgpaX6qFcoWxVrBnOd2AtSvp+8TB8/zpJar2iUuh4ncQChIgxL2bGtSDkJFooSBmm+G0uIMBniPnQ0DXEA0klml6bmhVY80+dCV6jMmfp3IsGBlOPA1Z0BVgO56mXif14nVv6dk9AwihWEZL7Ij5mpuJnFNj0qgCg21gQTQfWtJhlggYnSz1newvpcNwyCdFWOJMQ6OveWUybZNYpzJtO8fqe9+rx10ryq2DeV67pVrlpojhwqoXN0iWx0i6roCdVQAxEE6BW9oXdjYnwZU+N73rphLGZO0RKMn19xzK7j</latexit>v <latexit sha1_base64="iVk/4X3kQ9v4FZ5ZGIILC9XsoqU=">AAACMnicbVDLSsNAFJ34rPXVqrtugkVwVRLBx86CC122YB/QhjKZ3LRDJ5kwMynUkC9wq7/hqj+ju+LWj3DSdmFbD1w4nHMv957rRoxKZVmfxsbm1vbObm4vv39weHRcKJ40JY8FgQbhjIu2iyUwGkJDUcWgHQnAgcug5Q4fMr81AiEpD5/VOAInwP2Q+pRgpaX6qFcoWxVrBnOd2AtSvp+8TB8/zpJar2iUuh4ncQChIgxL2bGtSDkJFooSBmm+G0uIMBniPnQ0DXEA0klml6bmhVY80+dCV6jMmfp3IsGBlOPA1Z0BVgO56mXif14nVv6dk9AwihWEZL7Ij5mpuJnFNj0qgCg21gQTQfWtJhlggYnSz1newvpcNwyCdFWOJMQ6OveWUybZNYpzJtO8fqe9+rx10ryq2DeV67pVrlpojhwqoXN0iWx0i6roCdVQAxEE6BW9oXdjYnwZU+N73rphLGZO0RKMn19xzK7j</latexit>v

<latexit sha1_base64="EiMIIE7HA3A6bLFwC6y9wuyD3eo=">AAACMnicbVDLSsNAFJ3UV62vVt11EyyCq5IIPnYWXOiyBfuANpTJ5KYdOsmEmYlQQ77Arf6Gq/6M7opbP8JJ24VtPXDhcM693HuuGzEqlWV9GrmNza3tnfxuYW//4PCoWDpuSR4LAk3CGRcdF0tgNISmoopBJxKAA5dB2x3dZ377GYSkPHxS4wicAA9C6lOClZYaw36xYlWtGcx1Yi9I5W7yMn34OE3q/ZJR7nmcxAGEijAsZde2IuUkWChKGKSFXiwhwmSEB9DVNMQBSCeZXZqa51rxTJ8LXaEyZ+rfiQQHUo4DV3cGWA3lqpeJ/3ndWPm3TkLDKFYQkvkiP2am4mYW2/SoAKLYWBNMBNW3mmSIBSZKP2d5Cxtw3TAM0lU5khDr6NxbTplk1yjOmUwL+p326vPWSeuyal9XrxpWpWahOfKojM7QBbLRDaqhR1RHTUQQoFf0ht6NifFlTI3veWvOWMycoCUYP79YiK7V</latexit>

h
<latexit sha1_base64="EiMIIE7HA3A6bLFwC6y9wuyD3eo=">AAACMnicbVDLSsNAFJ3UV62vVt11EyyCq5IIPnYWXOiyBfuANpTJ5KYdOsmEmYlQQ77Arf6Gq/6M7opbP8JJ24VtPXDhcM693HuuGzEqlWV9GrmNza3tnfxuYW//4PCoWDpuSR4LAk3CGRcdF0tgNISmoopBJxKAA5dB2x3dZ377GYSkPHxS4wicAA9C6lOClZYaw36xYlWtGcx1Yi9I5W7yMn34OE3q/ZJR7nmcxAGEijAsZde2IuUkWChKGKSFXiwhwmSEB9DVNMQBSCeZXZqa51rxTJ8LXaEyZ+rfiQQHUo4DV3cGWA3lqpeJ/3ndWPm3TkLDKFYQkvkiP2am4mYW2/SoAKLYWBNMBNW3mmSIBSZKP2d5Cxtw3TAM0lU5khDr6NxbTplk1yjOmUwL+p326vPWSeuyal9XrxpWpWahOfKojM7QBbLRDaqhR1RHTUQQoFf0ht6NifFlTI3veWvOWMycoCUYP79YiK7V</latexit>

h

<latexit sha1_base64="EiMIIE7HA3A6bLFwC6y9wuyD3eo=">AAACMnicbVDLSsNAFJ3UV62vVt11EyyCq5IIPnYWXOiyBfuANpTJ5KYdOsmEmYlQQ77Arf6Gq/6M7opbP8JJ24VtPXDhcM693HuuGzEqlWV9GrmNza3tnfxuYW//4PCoWDpuSR4LAk3CGRcdF0tgNISmoopBJxKAA5dB2x3dZ377GYSkPHxS4wicAA9C6lOClZYaw36xYlWtGcx1Yi9I5W7yMn34OE3q/ZJR7nmcxAGEijAsZde2IuUkWChKGKSFXiwhwmSEB9DVNMQBSCeZXZqa51rxTJ8LXaEyZ+rfiQQHUo4DV3cGWA3lqpeJ/3ndWPm3TkLDKFYQkvkiP2am4mYW2/SoAKLYWBNMBNW3mmSIBSZKP2d5Cxtw3TAM0lU5khDr6NxbTplk1yjOmUwL+p326vPWSeuyal9XrxpWpWahOfKojM7QBbLRDaqhR1RHTUQQoFf0ht6NifFlTI3veWvOWMycoCUYP79YiK7V</latexit>

h
<latexit sha1_base64="EiMIIE7HA3A6bLFwC6y9wuyD3eo=">AAACMnicbVDLSsNAFJ3UV62vVt11EyyCq5IIPnYWXOiyBfuANpTJ5KYdOsmEmYlQQ77Arf6Gq/6M7opbP8JJ24VtPXDhcM693HuuGzEqlWV9GrmNza3tnfxuYW//4PCoWDpuSR4LAk3CGRcdF0tgNISmoopBJxKAA5dB2x3dZ377GYSkPHxS4wicAA9C6lOClZYaw36xYlWtGcx1Yi9I5W7yMn34OE3q/ZJR7nmcxAGEijAsZde2IuUkWChKGKSFXiwhwmSEB9DVNMQBSCeZXZqa51rxTJ8LXaEyZ+rfiQQHUo4DV3cGWA3lqpeJ/3ndWPm3TkLDKFYQkvkiP2am4mYW2/SoAKLYWBNMBNW3mmSIBSZKP2d5Cxtw3TAM0lU5khDr6NxbTplk1yjOmUwL+p326vPWSeuyal9XrxpWpWahOfKojM7QBbLRDaqhR1RHTUQQoFf0ht6NifFlTI3veWvOWMycoCUYP79YiK7V</latexit>

h

<latexit sha1_base64="zAAQVhuzURl3rYt+kPUYDBlwweU=">AAACMnicbVDLSsNAFJ3UV1tfrS67CRbBhZRE8LEsuHHZgn1AG8pkctMOnWTizEQoIRs3LtzqZ7jzZ3Qnbv0HnbRd2NYLFw7n3Ms997gRo1JZ1ruRW1vf2NzKF4rbO7t7+6XyQVvyWBBoEc646LpYAqMhtBRVDLqRABy4DDru+DrTO/cgJOXhrZpE4AR4GFKfEqw01bwblKpWzZqWuQrsOajWC4/e68/DaWNQNip9j5M4gFARhqXs2VaknAQLRQmDtNiPJUSYjPEQehqGOADpJFOnqXmsGc/0udAdKnPK/t1IcCDlJHD1ZIDVSC5rGfmf1ouVf+UkNIxiBSGZHfJjZipuZm+bHhVAFJtogImg2qtJRlhgonQ4i1fYkOuBUZAu05GEWL/OvcUvk8yN4pzJtKjjtJfDWwXts5p9UTtv6lwtNKs8qqAjdIJsdInq6AY1UAsRBOgJPaMX4834MD6Nr9lozpjvHKKFMr5/AfcPrpo=</latexit>q

<latexit sha1_base64="zAAQVhuzURl3rYt+kPUYDBlwweU=">AAACMnicbVDLSsNAFJ3UV1tfrS67CRbBhZRE8LEsuHHZgn1AG8pkctMOnWTizEQoIRs3LtzqZ7jzZ3Qnbv0HnbRd2NYLFw7n3Ms997gRo1JZ1ruRW1vf2NzKF4rbO7t7+6XyQVvyWBBoEc646LpYAqMhtBRVDLqRABy4DDru+DrTO/cgJOXhrZpE4AR4GFKfEqw01bwblKpWzZqWuQrsOajWC4/e68/DaWNQNip9j5M4gFARhqXs2VaknAQLRQmDtNiPJUSYjPEQehqGOADpJFOnqXmsGc/0udAdKnPK/t1IcCDlJHD1ZIDVSC5rGfmf1ouVf+UkNIxiBSGZHfJjZipuZm+bHhVAFJtogImg2qtJRlhgonQ4i1fYkOuBUZAu05GEWL/OvcUvk8yN4pzJtKjjtJfDWwXts5p9UTtv6lwtNKs8qqAjdIJsdInq6AY1UAsRBOgJPaMX4834MD6Nr9lozpjvHKKFMr5/AfcPrpo=</latexit>q

<latexit sha1_base64="zAAQVhuzURl3rYt+kPUYDBlwweU=">AAACMnicbVDLSsNAFJ3UV1tfrS67CRbBhZRE8LEsuHHZgn1AG8pkctMOnWTizEQoIRs3LtzqZ7jzZ3Qnbv0HnbRd2NYLFw7n3Ms997gRo1JZ1ruRW1vf2NzKF4rbO7t7+6XyQVvyWBBoEc646LpYAqMhtBRVDLqRABy4DDru+DrTO/cgJOXhrZpE4AR4GFKfEqw01bwblKpWzZqWuQrsOajWC4/e68/DaWNQNip9j5M4gFARhqXs2VaknAQLRQmDtNiPJUSYjPEQehqGOADpJFOnqXmsGc/0udAdKnPK/t1IcCDlJHD1ZIDVSC5rGfmf1ouVf+UkNIxiBSGZHfJjZipuZm+bHhVAFJtogImg2qtJRlhgonQ4i1fYkOuBUZAu05GEWL/OvcUvk8yN4pzJtKjjtJfDWwXts5p9UTtv6lwtNKs8qqAjdIJsdInq6AY1UAsRBOgJPaMX4834MD6Nr9lozpjvHKKFMr5/AfcPrpo=</latexit>q

<latexit sha1_base64="zAAQVhuzURl3rYt+kPUYDBlwweU=">AAACMnicbVDLSsNAFJ3UV1tfrS67CRbBhZRE8LEsuHHZgn1AG8pkctMOnWTizEQoIRs3LtzqZ7jzZ3Qnbv0HnbRd2NYLFw7n3Ms997gRo1JZ1ruRW1vf2NzKF4rbO7t7+6XyQVvyWBBoEc646LpYAqMhtBRVDLqRABy4DDru+DrTO/cgJOXhrZpE4AR4GFKfEqw01bwblKpWzZqWuQrsOajWC4/e68/DaWNQNip9j5M4gFARhqXs2VaknAQLRQmDtNiPJUSYjPEQehqGOADpJFOnqXmsGc/0udAdKnPK/t1IcCDlJHD1ZIDVSC5rGfmf1ouVf+UkNIxiBSGZHfJjZipuZm+bHhVAFJtogImg2qtJRlhgonQ4i1fYkOuBUZAu05GEWL/OvcUvk8yN4pzJtKjjtJfDWwXts5p9UTtv6lwtNKs8qqAjdIJsdInq6AY1UAsRBOgJPaMX4834MD6Nr9lozpjvHKKFMr5/AfcPrpo=</latexit>q

<latexit sha1_base64="zAAQVhuzURl3rYt+kPUYDBlwweU=">AAACMnicbVDLSsNAFJ3UV1tfrS67CRbBhZRE8LEsuHHZgn1AG8pkctMOnWTizEQoIRs3LtzqZ7jzZ3Qnbv0HnbRd2NYLFw7n3Ms997gRo1JZ1ruRW1vf2NzKF4rbO7t7+6XyQVvyWBBoEc646LpYAqMhtBRVDLqRABy4DDru+DrTO/cgJOXhrZpE4AR4GFKfEqw01bwblKpWzZqWuQrsOajWC4/e68/DaWNQNip9j5M4gFARhqXs2VaknAQLRQmDtNiPJUSYjPEQehqGOADpJFOnqXmsGc/0udAdKnPK/t1IcCDlJHD1ZIDVSC5rGfmf1ouVf+UkNIxiBSGZHfJjZipuZm+bHhVAFJtogImg2qtJRlhgonQ4i1fYkOuBUZAu05GEWL/OvcUvk8yN4pzJtKjjtJfDWwXts5p9UTtv6lwtNKs8qqAjdIJsdInq6AY1UAsRBOgJPaMX4834MD6Nr9lozpjvHKKFMr5/AfcPrpo=</latexit>q

<latexit sha1_base64="zAAQVhuzURl3rYt+kPUYDBlwweU=">AAACMnicbVDLSsNAFJ3UV1tfrS67CRbBhZRE8LEsuHHZgn1AG8pkctMOnWTizEQoIRs3LtzqZ7jzZ3Qnbv0HnbRd2NYLFw7n3Ms997gRo1JZ1ruRW1vf2NzKF4rbO7t7+6XyQVvyWBBoEc646LpYAqMhtBRVDLqRABy4DDru+DrTO/cgJOXhrZpE4AR4GFKfEqw01bwblKpWzZqWuQrsOajWC4/e68/DaWNQNip9j5M4gFARhqXs2VaknAQLRQmDtNiPJUSYjPEQehqGOADpJFOnqXmsGc/0udAdKnPK/t1IcCDlJHD1ZIDVSC5rGfmf1ouVf+UkNIxiBSGZHfJjZipuZm+bHhVAFJtogImg2qtJRlhgonQ4i1fYkOuBUZAu05GEWL/OvcUvk8yN4pzJtKjjtJfDWwXts5p9UTtv6lwtNKs8qqAjdIJsdInq6AY1UAsRBOgJPaMX4834MD6Nr9lozpjvHKKFMr5/AfcPrpo=</latexit>q

<latexit sha1_base64="zAAQVhuzURl3rYt+kPUYDBlwweU=">AAACMnicbVDLSsNAFJ3UV1tfrS67CRbBhZRE8LEsuHHZgn1AG8pkctMOnWTizEQoIRs3LtzqZ7jzZ3Qnbv0HnbRd2NYLFw7n3Ms997gRo1JZ1ruRW1vf2NzKF4rbO7t7+6XyQVvyWBBoEc646LpYAqMhtBRVDLqRABy4DDru+DrTO/cgJOXhrZpE4AR4GFKfEqw01bwblKpWzZqWuQrsOajWC4/e68/DaWNQNip9j5M4gFARhqXs2VaknAQLRQmDtNiPJUSYjPEQehqGOADpJFOnqXmsGc/0udAdKnPK/t1IcCDlJHD1ZIDVSC5rGfmf1ouVf+UkNIxiBSGZHfJjZipuZm+bHhVAFJtogImg2qtJRlhgonQ4i1fYkOuBUZAu05GEWL/OvcUvk8yN4pzJtKjjtJfDWwXts5p9UTtv6lwtNKs8qqAjdIJsdInq6AY1UAsRBOgJPaMX4834MD6Nr9lozpjvHKKFMr5/AfcPrpo=</latexit>q

<latexit sha1_base64="zAAQVhuzURl3rYt+kPUYDBlwweU=">AAACMnicbVDLSsNAFJ3UV1tfrS67CRbBhZRE8LEsuHHZgn1AG8pkctMOnWTizEQoIRs3LtzqZ7jzZ3Qnbv0HnbRd2NYLFw7n3Ms997gRo1JZ1ruRW1vf2NzKF4rbO7t7+6XyQVvyWBBoEc646LpYAqMhtBRVDLqRABy4DDru+DrTO/cgJOXhrZpE4AR4GFKfEqw01bwblKpWzZqWuQrsOajWC4/e68/DaWNQNip9j5M4gFARhqXs2VaknAQLRQmDtNiPJUSYjPEQehqGOADpJFOnqXmsGc/0udAdKnPK/t1IcCDlJHD1ZIDVSC5rGfmf1ouVf+UkNIxiBSGZHfJjZipuZm+bHhVAFJtogImg2qtJRlhgonQ4i1fYkOuBUZAu05GEWL/OvcUvk8yN4pzJtKjjtJfDWwXts5p9UTtv6lwtNKs8qqAjdIJsdInq6AY1UAsRBOgJPaMX4834MD6Nr9lozpjvHKKFMr5/AfcPrpo=</latexit>q

<latexit sha1_base64="zAAQVhuzURl3rYt+kPUYDBlwweU=">AAACMnicbVDLSsNAFJ3UV1tfrS67CRbBhZRE8LEsuHHZgn1AG8pkctMOnWTizEQoIRs3LtzqZ7jzZ3Qnbv0HnbRd2NYLFw7n3Ms997gRo1JZ1ruRW1vf2NzKF4rbO7t7+6XyQVvyWBBoEc646LpYAqMhtBRVDLqRABy4DDru+DrTO/cgJOXhrZpE4AR4GFKfEqw01bwblKpWzZqWuQrsOajWC4/e68/DaWNQNip9j5M4gFARhqXs2VaknAQLRQmDtNiPJUSYjPEQehqGOADpJFOnqXmsGc/0udAdKnPK/t1IcCDlJHD1ZIDVSC5rGfmf1ouVf+UkNIxiBSGZHfJjZipuZm+bHhVAFJtogImg2qtJRlhgonQ4i1fYkOuBUZAu05GEWL/OvcUvk8yN4pzJtKjjtJfDWwXts5p9UTtv6lwtNKs8qqAjdIJsdInq6AY1UAsRBOgJPaMX4834MD6Nr9lozpjvHKKFMr5/AfcPrpo=</latexit>q

Lowest order
p = 1
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Spatial discretization shallow waters
How does this compare to Arakawa and Lamb?

<latexit sha1_base64="mzM4dbmWFjvYmaGMvD3/6Fu4lCk="></latexit>

K :=
1

2
u · u

<latexit sha1_base64="Se+qVEs4ERi945jGiR4WRLws0WU="></latexit>

F := hu

<latexit sha1_base64="h+tksATNnw24oWsKHo/uu/8wksE="></latexit>

! := ez ·r⇥ u

<latexit sha1_base64="r7OdFQty3oE6+uVNCH0Sob0xSqY="></latexit>

q :=
!

h

<latexit sha1_base64="Zp7mNmjcibQeuqEiYnHOGdIOtzM="></latexit>

@h

@t
+r · F = 0

<latexit sha1_base64="fnCbhBqM83bDlfE0S80G0Y+djqs="></latexit>

@u

@t
+ qez ⇥ F +r (K + hg) = 0

Arakawa and Lamb
<latexit sha1_base64="4kX3txDCoBFdRLKqg1q2AJbO+5E="></latexit>8
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Figure 21. Pictorial view of Definition 44: The dual of an edge in D ⇢ R
3 is

gray shaded surface in D̃. The cofaces of this gray surface are the two adjoining
volumes in D̃. The boundary of the edge are the two endnodes in D. The dual
of the two endnodes are again the volumes in D̃ surrounding these points.

Remark 19. The dual grid in Figure 22 is only a cell complex in case the top side is connected to
the bottom side and the left side to the right side. This holds for domains with periodic boundary
conditions.

*

Primal grid Dual grid Staggered grid

Figure 22. Example of a primal grid and dual grid is shown (not necessarily a cell
complex), with for every cell ⌧(k) the associated dual cell ⌧̃(n�k) and corresponding
orientation. On the right the staggered grid, an overlap of both grids, is shown.

Remark 20. Note that, in Figure 22, the primal cell complex, D, is chosen outer oriented. Then
by duality, the dual cell complex, D̃, is inner oriented. In fact, the orientation itself does not
change, only the corresponding cell changes. This was shown before in Figure 7.

Remark 21. If we equip the cell complex, D, with an outer orientation, the the dual complex,
D̃, models geometric objects with inner orientation. Alternatively, inner orientation could be
represented on the cell complex D, in which case the outer representation is modeled on the dual cell
complex D̃. In this respect, dual cell complexes are able to model the inner- and outer-orientation
as discussed in Section 2.2 and in the introductory Section 1.2.

3.4. The boundary of cell complexes. A collection of k-cells forms a cell complex if the
boundary of these k-cells are also in the cell complex. Therefore, cell complexes consist of an
interior Di and a boundary part Db, where D = Di [Db. The boundary part contains cells up to
degree (n � 1). Since D̃ is dual to D, we have that D̃i [ D̃b is dual to Di [Db. More precisely,
D̃i = ⇤Di and D̃b = ⇤Db. The individual parts do not need to be cell complexes themselves. In
case Di is a cell complex on a manifold with boundary, then D̃i is not a cell complex, because
not all faces of the k-cells in D̃i, k = 1, . . . , n, are also in D̃i. Examples can be found in [116] and
Examples 19 and 20 below.

Definition 47. (The boundary of cell complexes) Let D be a cell complex. If ⇤D is not a
cell complex, let D̃ be the smallest cell complex which contains all the k-cells of ⇤D. All the k-cells
in D̃ \ ⇤D form a (n � 1)-dimensional cell complex, D̃b := @D̃ called the boundary of D̃. The
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Spatial discretization shallow waters
How does this compare to Arakawa and Lamb?
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Figure 27. A 5⇥ 5 curvilinear multi-element Gauss-Lobatto grid.

5.2. Reconstruction, mimetic basis functions and projections. In the previous section two
reconstruction operators were introduced, I acting on the primal cell complex D and Ĩ acting on
the dual cell complex D̃. Together with the two reduction operators R and R̃, they define two
projection and two coprojection operators.

In this section we derive mimetic spectral interpolatory basis functions as reconstruction, that
are cardinal basis functions of arbitrary polynomial order, which are capable of reconstructing k-
cochains according to Definition 52 (p. 49). Because we consider only tensor product based mimetic
spectral elements for the reconstruction, it is su�cient to do the derivation and analysis in one
dimension only, and use tensor products afterwards to construct n-dimensional basis functions.
A similar approach was taken in [23]. Because the projection operator and the pullback operator
commute (4.20) when considering integral formulations, the interpolation functions are discussed
for the reference element only. Since the mappings �m and their inverse are assumed to be
su�ciently smooth, see Section 4.2.2, the rates of convergence for interpolation estimates on the
physical elements are equal to that of the reference element. Only the constants C that will appear
below will depend on the mappings �m, but will be independent of the meshsize and polynomial
order.

5.2.1. Projection ⇡h using D. In spectral element methods the k-forms onQm are approximated by
piecewise polynomial expansions. The domain is given by ⌦ = Q = Q1 = bQ := { ⇠ | � 1  ⇠  1 }.
We start with the projection operator ⇡h, which is formed by the reconstruction of the reduction of
a k-form on the interior cell complexDi, see Section 3.4. On bQ a cell complexD is defined according
to Definition 29, that consists of N + 1 nodes (0-cells), ⌧(0),i = ⇠i, where �1 = ⇠0 < . . . < ⇠N = 1,
and N line segments (1-cells), ⌧(1),i = [⇠i�1, ⇠i], of which the nodes constitute the boundary, see
Figure 23.

Directly obtain a
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4x4 elements of degree 7
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34

Spatial discretization shallow waters
How does this compare to Arakawa and Lamb?
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Structure preserving discretizations
Key take-aways

How to preserve these properties in time?
That is another story

1. Conservation of the underlying structure of a PDE is key for accurate numerical 
discretizations (de Rham complex: preserve exactness and cohomology)

2. Numerical approximation goes (far) beyond truncation error.

3. PDEs have different complexes associated to it.

4. Numerical discretizations reproduce a discrete version of these complexes
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Some applications



37

Time dependent problems
Shallow waters on a sphere

Nonlinear instability on a sphere: non-affine mesh (day 4)

View of the North pole

kilometers), the thickness of the global atmosphere is only around 100 kilometers. Therefore,
the SWEs take a simplified assumption of the vertical structure of the atmosphere, and are
capable of describing certain large-scale phenomena in which the curvature and the complex
horizontal variations of the earth can be demonstrated. Based on the above considerations, we
take the SWEs as our starting point for evaluating various architectures.

The cubed-sphere mesh (the left panel of Fig 1) is selected in this work to discretize the shal-
low-water equations on the sphere. By mapping an inscribed cube to the surface of the sphere,
the computational domain of solving the equations is the six patches from the inscribed cube
(the right panel of Fig 1). We employ the cubed-sphere mesh due to the two inherent advan-
tages as follows:

The first advantage is that, when written in local coordinates, shallow-water equations have
an identical expression on the six patches:
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where (x1, x2) 2 [−π/4, π/4] refer to the local coordinates of a patch, Q refers to the prognostic
variables (h, hu1, hu2)T, in which h is the thickness of the atmosphere and hu1, hu2 are the con-
travariant velocity components, Fi = ui Q (i = 1, 2) is the convective flux, and S is the source
term that can be derived from the gravity and Coriolis force.

Due to the non-orthogonality of the cubed-sphere, all additional variable coefficients intro-
duced in Eq (1) have fixed expressions that only depend on their geometric positions; details
can be found in previous works [30, 31]. The identical computing pattern in all different
patches and grids makes it possible to derive a generalized partition scheme that suits various
hybrid architectures. Similar results have been reported for existing atmospheric models that
employ cubed-sphere meshes, such as CAM-SE [32], and atmospheric component (AM3) of
the Geophysical Fluid Dynamics Laboratory (GFDL) coupled model (CM3) [33].

The second advantage is that, compared with the latitude-longitude grid, the cubed-sphere
mesh removes the pole singularity issue. The avoidance of singularity problems not only
improves the accuracy of the method, but also reduces the complexity of the computational
schemes that we need to apply in the pole regions, which again leads to a more balanced load
of computations among different grids. As for the 8 extraordinary vertices globally (at the cor-
ners of each patch), various tests have been done using benchmark test cases [34], and no accu-
racy degradation is observed at these weak singular points.

Suppose each patch of the cubed sphere has N × N mesh cells (the right panel of Fig 1), we
can use a single vector variable to approximate all the prognostic variables within each mesh

Fig 1. The cubed-sphere mesh (Left), and its six patches as the computational domain (Right).

doi:10.1371/journal.pone.0172583.g001

Shallow water equations solvers on supercomputers

PLOS ONE | DOI:10.1371/journal.pone.0172583 March 10, 2017 5 / 27

(Lee, AP)
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Time dependent problems
Shallow waters on a sphere

Nonlinear instability on a sphere: non-affine mesh (day 5)

View of the North pole

kilometers), the thickness of the global atmosphere is only around 100 kilometers. Therefore,
the SWEs take a simplified assumption of the vertical structure of the atmosphere, and are
capable of describing certain large-scale phenomena in which the curvature and the complex
horizontal variations of the earth can be demonstrated. Based on the above considerations, we
take the SWEs as our starting point for evaluating various architectures.

The cubed-sphere mesh (the left panel of Fig 1) is selected in this work to discretize the shal-
low-water equations on the sphere. By mapping an inscribed cube to the surface of the sphere,
the computational domain of solving the equations is the six patches from the inscribed cube
(the right panel of Fig 1). We employ the cubed-sphere mesh due to the two inherent advan-
tages as follows:

The first advantage is that, when written in local coordinates, shallow-water equations have
an identical expression on the six patches:
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where (x1, x2) 2 [−π/4, π/4] refer to the local coordinates of a patch, Q refers to the prognostic
variables (h, hu1, hu2)T, in which h is the thickness of the atmosphere and hu1, hu2 are the con-
travariant velocity components, Fi = ui Q (i = 1, 2) is the convective flux, and S is the source
term that can be derived from the gravity and Coriolis force.

Due to the non-orthogonality of the cubed-sphere, all additional variable coefficients intro-
duced in Eq (1) have fixed expressions that only depend on their geometric positions; details
can be found in previous works [30, 31]. The identical computing pattern in all different
patches and grids makes it possible to derive a generalized partition scheme that suits various
hybrid architectures. Similar results have been reported for existing atmospheric models that
employ cubed-sphere meshes, such as CAM-SE [32], and atmospheric component (AM3) of
the Geophysical Fluid Dynamics Laboratory (GFDL) coupled model (CM3) [33].

The second advantage is that, compared with the latitude-longitude grid, the cubed-sphere
mesh removes the pole singularity issue. The avoidance of singularity problems not only
improves the accuracy of the method, but also reduces the complexity of the computational
schemes that we need to apply in the pole regions, which again leads to a more balanced load
of computations among different grids. As for the 8 extraordinary vertices globally (at the cor-
ners of each patch), various tests have been done using benchmark test cases [34], and no accu-
racy degradation is observed at these weak singular points.

Suppose each patch of the cubed sphere has N × N mesh cells (the right panel of Fig 1), we
can use a single vector variable to approximate all the prognostic variables within each mesh

Fig 1. The cubed-sphere mesh (Left), and its six patches as the computational domain (Right).

doi:10.1371/journal.pone.0172583.g001

Shallow water equations solvers on supercomputers

PLOS ONE | DOI:10.1371/journal.pone.0172583 March 10, 2017 5 / 27

(Lee, AP)
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Time dependent problems
Shallow waters on a sphere

Nonlinear instability on a sphere: non-affine mesh (day 6)

View of the North pole

kilometers), the thickness of the global atmosphere is only around 100 kilometers. Therefore,
the SWEs take a simplified assumption of the vertical structure of the atmosphere, and are
capable of describing certain large-scale phenomena in which the curvature and the complex
horizontal variations of the earth can be demonstrated. Based on the above considerations, we
take the SWEs as our starting point for evaluating various architectures.

The cubed-sphere mesh (the left panel of Fig 1) is selected in this work to discretize the shal-
low-water equations on the sphere. By mapping an inscribed cube to the surface of the sphere,
the computational domain of solving the equations is the six patches from the inscribed cube
(the right panel of Fig 1). We employ the cubed-sphere mesh due to the two inherent advan-
tages as follows:

The first advantage is that, when written in local coordinates, shallow-water equations have
an identical expression on the six patches:
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where (x1, x2) 2 [−π/4, π/4] refer to the local coordinates of a patch, Q refers to the prognostic
variables (h, hu1, hu2)T, in which h is the thickness of the atmosphere and hu1, hu2 are the con-
travariant velocity components, Fi = ui Q (i = 1, 2) is the convective flux, and S is the source
term that can be derived from the gravity and Coriolis force.

Due to the non-orthogonality of the cubed-sphere, all additional variable coefficients intro-
duced in Eq (1) have fixed expressions that only depend on their geometric positions; details
can be found in previous works [30, 31]. The identical computing pattern in all different
patches and grids makes it possible to derive a generalized partition scheme that suits various
hybrid architectures. Similar results have been reported for existing atmospheric models that
employ cubed-sphere meshes, such as CAM-SE [32], and atmospheric component (AM3) of
the Geophysical Fluid Dynamics Laboratory (GFDL) coupled model (CM3) [33].

The second advantage is that, compared with the latitude-longitude grid, the cubed-sphere
mesh removes the pole singularity issue. The avoidance of singularity problems not only
improves the accuracy of the method, but also reduces the complexity of the computational
schemes that we need to apply in the pole regions, which again leads to a more balanced load
of computations among different grids. As for the 8 extraordinary vertices globally (at the cor-
ners of each patch), various tests have been done using benchmark test cases [34], and no accu-
racy degradation is observed at these weak singular points.

Suppose each patch of the cubed sphere has N × N mesh cells (the right panel of Fig 1), we
can use a single vector variable to approximate all the prognostic variables within each mesh

Fig 1. The cubed-sphere mesh (Left), and its six patches as the computational domain (Right).

doi:10.1371/journal.pone.0172583.g001

Shallow water equations solvers on supercomputers

PLOS ONE | DOI:10.1371/journal.pone.0172583 March 10, 2017 5 / 27

(Lee, AP)
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Time dependent problems
Shallow waters on a sphere

Nonlinear instability on a sphere: non-affine mesh (day 7)

View of the North pole

kilometers), the thickness of the global atmosphere is only around 100 kilometers. Therefore,
the SWEs take a simplified assumption of the vertical structure of the atmosphere, and are
capable of describing certain large-scale phenomena in which the curvature and the complex
horizontal variations of the earth can be demonstrated. Based on the above considerations, we
take the SWEs as our starting point for evaluating various architectures.

The cubed-sphere mesh (the left panel of Fig 1) is selected in this work to discretize the shal-
low-water equations on the sphere. By mapping an inscribed cube to the surface of the sphere,
the computational domain of solving the equations is the six patches from the inscribed cube
(the right panel of Fig 1). We employ the cubed-sphere mesh due to the two inherent advan-
tages as follows:

The first advantage is that, when written in local coordinates, shallow-water equations have
an identical expression on the six patches:
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where (x1, x2) 2 [−π/4, π/4] refer to the local coordinates of a patch, Q refers to the prognostic
variables (h, hu1, hu2)T, in which h is the thickness of the atmosphere and hu1, hu2 are the con-
travariant velocity components, Fi = ui Q (i = 1, 2) is the convective flux, and S is the source
term that can be derived from the gravity and Coriolis force.

Due to the non-orthogonality of the cubed-sphere, all additional variable coefficients intro-
duced in Eq (1) have fixed expressions that only depend on their geometric positions; details
can be found in previous works [30, 31]. The identical computing pattern in all different
patches and grids makes it possible to derive a generalized partition scheme that suits various
hybrid architectures. Similar results have been reported for existing atmospheric models that
employ cubed-sphere meshes, such as CAM-SE [32], and atmospheric component (AM3) of
the Geophysical Fluid Dynamics Laboratory (GFDL) coupled model (CM3) [33].

The second advantage is that, compared with the latitude-longitude grid, the cubed-sphere
mesh removes the pole singularity issue. The avoidance of singularity problems not only
improves the accuracy of the method, but also reduces the complexity of the computational
schemes that we need to apply in the pole regions, which again leads to a more balanced load
of computations among different grids. As for the 8 extraordinary vertices globally (at the cor-
ners of each patch), various tests have been done using benchmark test cases [34], and no accu-
racy degradation is observed at these weak singular points.

Suppose each patch of the cubed sphere has N × N mesh cells (the right panel of Fig 1), we
can use a single vector variable to approximate all the prognostic variables within each mesh

Fig 1. The cubed-sphere mesh (Left), and its six patches as the computational domain (Right).
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Fig. 10. As for Fig. 9, day 5.

Fig. 11. As for Fig. 9, day 6.

the divergence theorem, vorticity and energy conservation hold in the weak form. As such conservation errors for vorticity 
remain bounded for the duration of the simulations presented, and energy conservation errors converge as the product of 
the temporal and spatial orders of the scheme in the absence of viscosity. These results are validated using standard test 
cases.

One curious result is that the L2 errors for the divergence converge at one degree lower than their anticipated rate, 
despite the fact that the errors for the fluid depth, which is also defined on Q h , converge at the correct rate. The reason for 
this is not well understood by the authors and requires further investigation.

Preliminary performance results using 24 processors across 2 nodes shows that approximately 80% of the compute time 
is spent on matrix–matrix multiplication for local element operators during the assembly of the nonlinear terms, and a 
further 5% on the interpolation of vector fields to global coordinates via the Piola transform. These results suggest that 
significant performance gains could be realized by replacing the matrix multiplications for diagonal matrices by single loops 
over quadrature points.

In future work we intend to explore the extension of this method to the three dimensional primitive equations, as well 
as alternative formulations of the governing equations and the consequences of potential enstrophy conservation and exact 
quadrature via an iso-parametric Jacobian transformation that is not reliant on the evaluation of transcendental functions.
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Time dependent problems
Shallow waters on a sphere

N = 32 x 32 x 6 = 6144
p = 3
dt = 40s kilometers), the thickness of the global atmosphere is only around 100 kilometers. Therefore,

the SWEs take a simplified assumption of the vertical structure of the atmosphere, and are
capable of describing certain large-scale phenomena in which the curvature and the complex
horizontal variations of the earth can be demonstrated. Based on the above considerations, we
take the SWEs as our starting point for evaluating various architectures.

The cubed-sphere mesh (the left panel of Fig 1) is selected in this work to discretize the shal-
low-water equations on the sphere. By mapping an inscribed cube to the surface of the sphere,
the computational domain of solving the equations is the six patches from the inscribed cube
(the right panel of Fig 1). We employ the cubed-sphere mesh due to the two inherent advan-
tages as follows:

The first advantage is that, when written in local coordinates, shallow-water equations have
an identical expression on the six patches:
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where (x1, x2) 2 [−π/4, π/4] refer to the local coordinates of a patch, Q refers to the prognostic
variables (h, hu1, hu2)T, in which h is the thickness of the atmosphere and hu1, hu2 are the con-
travariant velocity components, Fi = ui Q (i = 1, 2) is the convective flux, and S is the source
term that can be derived from the gravity and Coriolis force.

Due to the non-orthogonality of the cubed-sphere, all additional variable coefficients intro-
duced in Eq (1) have fixed expressions that only depend on their geometric positions; details
can be found in previous works [30, 31]. The identical computing pattern in all different
patches and grids makes it possible to derive a generalized partition scheme that suits various
hybrid architectures. Similar results have been reported for existing atmospheric models that
employ cubed-sphere meshes, such as CAM-SE [32], and atmospheric component (AM3) of
the Geophysical Fluid Dynamics Laboratory (GFDL) coupled model (CM3) [33].

The second advantage is that, compared with the latitude-longitude grid, the cubed-sphere
mesh removes the pole singularity issue. The avoidance of singularity problems not only
improves the accuracy of the method, but also reduces the complexity of the computational
schemes that we need to apply in the pole regions, which again leads to a more balanced load
of computations among different grids. As for the 8 extraordinary vertices globally (at the cor-
ners of each patch), various tests have been done using benchmark test cases [34], and no accu-
racy degradation is observed at these weak singular points.

Suppose each patch of the cubed sphere has N × N mesh cells (the right panel of Fig 1), we
can use a single vector variable to approximate all the prognostic variables within each mesh

Fig 1. The cubed-sphere mesh (Left), and its six patches as the computational domain (Right).
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N = 1024 x 512 = 524 288
Spectral solver
dt = 30s

dL = 0.35o

Simulation day 6
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Time dependent problems
(Brugnoli, AP, Toshniwal, Zhang)

MagnetoHydrodynamics: dual field formulation
Fluid: Navier-Stokes

Electromagnetics: Maxwell

Fluid-electromagnetic coupling

Electromagnetic-fluid coupling
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Time dependent problems
MagnetoHydrodynamics: dual field formulation
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h!̃,⌫i⌦ � hũ,r⇥ ⌫i⌦ = 0 , 8⌫ 2 H(curl,⌦) ,
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Time dependent problems
MagnetoHydrodynamics: Orszag-Tang vortex test

256 x 256 elements
p = 1 de Rham complex
dt = 0.005
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REGULARITY OF IDEAL INCOMPRESSIBLE MAGNETIC FLUIDS IN 2D 515

FIGURE 2.1. Contours of the current density j at times t = 0.00, 0.25,
0.51, 0.75.

FIGURE 2.2. Absolute value of the current density as a function of time
at two saddle points of the magnetic stream function.

the dynamics found in less symmetric flows, e.g., [8], or for random initial condi-
tions leads to the same typical scenario of current sheet formation and especially
no faster behavior.

 10970312, 2000, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/(SIC

I)1097-0312(200004)53:4<512::A
ID

-C
PA

4>3.0.C
O

;2-R
 by Tu D

elft, W
iley O

nline Library on [05/06/2024]. See the Term
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline Library for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons License

Time dependent problems
MagnetoHydrodynamics: Orszag-Tang vortex test

Reference contours:
Cordoba, Marliani (2000)

Projection method
Second order upwinding
Adaptive refinement

Start: 1024x1024
End (t = 0.75): 32768 x 32768 (finest)
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Mantis.jl
A differential geometry structure-preserving FEM library in Julia

(Cabanas, Dekker, AP, Toshniwal)

Mantis.jl: A Geometric Finite Element Library
Diogo C. Cabanas1, Joey Dekker1, Artur Palha1, and Deepesh Toshniwal1

1Delft Insitute of Applied Mathematics, TU Delft

GOALS AND MOTIVATION

Mantis.jl is a general-purpose, open-source finite element (FEM) library written in
Julia. Its goal is to provide high-performance implementations of structure-preserving
discretisations of PDEs, while maintaining an accessible, high-level interface. By
leveraging Julia, the library avoids the pitfalls of the traditional two-language approach,
where prototyping and production code are separated.

Unlike standard FEM libraries built around vector calculus, Mantis.jl is grounded
in differential geometry. Core operators include the exterior derivative, Hodge-!,
pullback, pushforward, and musical maps, offering a natural framework for developing
structure-preserving methods. Geometries are represented abstractly, allowing PDEs to
be solved on manifolds of arbitrary dimension.

The library supports a wide variety of high-order basis functions and offers flexibility
to construct new ones, enabling users to design custom discretisations. Together, these
features make Mantis.jl a versatile platform for building FEM tools and for exploring
novel geometric and structure-preserving approaches to numerical simulation.

Mantis.jl

Differential geometry
• Forms of all ranks: α0, β1, . . . , γk, . . . ,σn

• Dimension independent: n = 1, 2, 3 (next 4D
space-time)

• Differential geometry operators implemented
d, %,→,Φ→,Φ→, &

• Composition of operations
%dαk,αk1 → %dαk2 → αkm

• Discrete de Rham complexes
0 → Λ0

h
d−→ Λ1

h
d−→ Λ2

h
d−→ Λ3

h → 0

Complex geometries
• Analytical expressions
• Function spaces
• Cuboidal mesh elements

Ω̂

Ωk
Φk(ξ

1, . . . , ξn)

∫

Ωk
αk ∧ "βk −→

∫

Ω̂
Φ→ [

αk
]
∧ Φ→ [

"βk
]

Versatile basis functions

• MSEM basis: Lagrange and edge polynomials
• Splines: B-splines & NURBS, polar splines,

hierarchical splines, approximate C1 space,
tensor-product spaces using these functions.

• User-defined basis: polynomial, non-polynomial
(exponential and trigonometric functions).

Open to researchers and students

• Open source: MIT license
• Low access barrier high level API
• Performant low level API
• Expandable

FEATURES

Complex geometries

1D manifold 2D manifold 3D manifold

Manifolds

1D manifold in 3D 2D manifold in 3D

Mantis.jl handles manifolds
through parametric mappings
that define their metric. With
its differential geometric founda-
tion, operators are treated uni-
formly across any metric, in
any dimension. For example,
the Laplace–Beltrami operator
on submanifolds needs no special
treatment.

Manifolds embedded in higher dimensions

Mantis.jl represents manifolds through mappings

Φ : Ω̂ ⊂ Rn "−→ Rm, n ≤ m,

where Φ is injective, continuous, and element-wise differentiable.
Departing from traditional FEM libraries that rely on the Jacobian, J ,
Mantis.jl adopts a differential geometric approach: metric tensor g = JᵀJ ,
pullbacks Φ∗, and pushforward Φ∗.
This enables PDEs to be pulled-back and solved intrinsically on the parametric
manifold with the metric induced by the mapping and then pushed-forward.

• Dimension-agnostic design: the same machinery works for curves, sur-
faces, and volumes in arbitrary embedding dimensions.

• Exact geometric compatibility: using pullbacks/pushforwards ensures
transformations of fields respect their geometric nature (scalar, vector, k-
form).

• Intrinsic formulation: geometry is expressed through the metric tensor,
so PDEs are posed intrinsically without dependence on embedding choices.

• High-order geometry: by allowing mappings as FEM fields of analytical
expressions, Mantis.jl naturally supports high-order curved geometries.

• Structure-preserving: the metric-based formulation aligns with FEEC
and guarantees consistency of operators across geometries.

Basis functions

0-forms base function 1-form bases functions: dξ (up), dη (down) 2-form base function: dξ ∧ dη

Non-hierarchical bases

Truncated hierarchical bases Hierarchical mesh Non-truncated hierarchical bases

Hierarchical bases

Computations in Mantis.jl can be performed using a wide variety of discrete
differential form spaces. These include standard finite elements differential
forms with the lowest regularity, but also several generalizations. The under-
lying meshes are assumed to be composed of cuboidal elements, with support
for simplicial elements planned for the future.

• Univariate discrete differential forms:
– mimetic finite element spaces
– polynomial B-splines
– multi-degree B-splines
– generalized B-splines (e.g., trigonometric, exponential)

• Multivariate extensions through tensor products: All form spaces
can be combined with each other through tensor products to create new
form spaces in higher dimensions.

• Unstructured multivariate extensions: Mantis.jl allows users to im-
plement their own form spaces through an extraction-based interface. This
enables simulations on complex geometries. Polar and toroidal splines for
axisymmetric domains, and approximate C1 splines are included in the
library.

• Hierarchical bases: Form spaces in Mantis.jl can be locally refined
using a hierarchical approach, thus enabling adaptive simulations. Both
truncated and non-truncated hierarchical bases are supported.

EXAMPLE OF USAGE

Hodge-Laplace problem

{
d∗dφ0 = −f0 on Ω

tr(φ0) = 0 on ∂Ω

Given f0 ∈ L2Λ0(Ω), find φ0 ∈ Λ0h(Ω) such that
∫

Ω
dψ0∧$dφ0 =

∫

Ω
ψ0∧$f0 ∀ ψ0 ∈ Λ0h,0(Ω)

Define the continuous weak problem

1 import Mantis

2
3 starting_point = (0.0, 0.0)

4 box_size = (0.5, 0.5)

5 num_elements = (10, 10)

6 cartesian_geo = Mantis.Geometry.create_cartesian_box(

7 starting_point, box_size, num_elements

8 )

9 geometry = cartesian_geo

Map
Geometry

1 function mapping(x::AbstractVector)

2 # Define the mapping

3 return [Φ[k](x[1], x[2]) for k in 1:3]

4 end

5 function dmapping(xi::AbstractVector)

6 # Define the Jacobian of the mapping: J

7 return [J[k,j][x[1], x[2]] for k in 1:3, j in 1:2]

8 end

9 # Define the mapped geometry

10 dimension = (2, 3) # 2-manifold in R^3

11 curved_mapping = Mantis.Geometry.Mapping(dimension,

12 mapping, dmapping)

13 geometry = Geometry.MappedGeometry(cartesian_geo,

14 curved_mapping)

Mantis.jl generates geometries with identical interfaces. For example, for
the solver, a 2D Cartesian geometry is indistinguishable from a geometry
representing a curved 2D manifold embedded in R3. The same applies for
a 3D manifold (geometry).

Define the geometry

1 # Create a FEM function space for the 0-forms

2 p = (3, 3) # polynomial degree 3 in both directions

3 k = (2, 2) # maximal smoothness in both directions

4 B = Mantis.FunctionSpaces.create_bspline_space(

5 starting_point,

6 box_size,

7 num_elements,

8 p,

9 k,

10 )

11 # Create the 0-form function space combining

12 # - FEM space

13 # - Geometry

14 Λ_0 = Mantis.Forms.FormSpace(0, geometry, (B,), "Λ_0")

Hierarchical
spaces

de Rham
complex

1 # Hierarchical parameters.

2 truncate = true # true = THB, false = HB

3 num_sub = (2, 2) # Subdivisions per dim per step.

4
5 H = Mantis.Forms.create_hierarchical_de_rham_complex(

6 geometry, p, k, num_sub, truncate)

7 Λ_0 = H[0] # Use 0-form space

Mantis.jl can generate individual form spaces from FEM spaces, but it is
also possible to generate all spaces associated to a discrete de Rham com-
plex. As for geometries, form spaces share the same interface for the as-
sembly step, allowing for easy interchange of spaces (e.g., non-hierarchical
and hierarchical).

Define form spaces

1 ∧ = Mantis.Forms.wedge

2 ⋆ = Mantis.Forms.hodge

3 function zero_form_hodge_laplacian(inputs, element_id)

4 qnodes = Mantis.Quadrature.get_nodes(inputs.quad_rule)

5 qweights = Mantis.Quadrature.get_weights(

6 inputs.quad_rule)

7
8 ψ⁰ = inputs.space_test

9 dψ⁰ = Mantis.Forms.exterior_derivative(ψ⁰)

10 dϕ⁰ = Mantis.Forms.exterior_derivative(

11 inputs.space_trial)

12
13 wedgeA = dψ⁰ ∧ ⋆dϕ⁰

14 wedge_A, Ainds = Mantis.Forms.evaluate(wedgeA,

15 element_id, qnodes)

16 # - Computation of row and column indices redacted. -

17 Av = vec(sum(qweights .* wedge_A[1]; dims=1))

18
19 wedgeb = ψ⁰ ∧ ⋆inputs.forcing

20 wedge_b, br = Mantis.Forms.evaluate(wedgeb,

21 element_id, qnodes)

22 bv = vec(sum(qweights .* wedge_b[1]; dims=1))

23
24 return (Ar, Ac, Av), (br[1], bv)

25 end

Assemble

Solve

1 # Set essential boundary conditions

2 bc_dirichlet = Dict(Mantis.Assemblers.get_trace_dofs(B)

3 .=> 0.0)

4
5 # Assemble system

6 lhs, rhs = Mantis.Assemblers.assemble(

7 zero_form_hodge_laplacian, wfi, bc_dirichlet)

8
9 # Solve

10 ϕ⁰ = Mantis.Forms.FormField(Λ⁰, "ϕ⁰")

11 ϕ⁰.coefficients .= lhs \ rhs

Solution on the square manifold.

Solution on the bumpy torus.

Weak form, assembly, and solution

NEAR FUTURE DEVELOPMENTS

• Automatic support for boundary conditions and general topologies.
• Generalization to tensor-valued forms and operators.
• Support for hybridized finite elements.
• Support for parallel computations.

• Aiming for public access this year.
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GOALS AND MOTIVATION

Mantis.jl is a general-purpose, open-source finite element (FEM) library written in
Julia. Its goal is to provide high-performance implementations of structure-preserving
discretisations of PDEs, while maintaining an accessible, high-level interface. By
leveraging Julia, the library avoids the pitfalls of the traditional two-language approach,
where prototyping and production code are separated.

Unlike standard FEM libraries built around vector calculus, Mantis.jl is grounded
in differential geometry. Core operators include the exterior derivative, Hodge-!,
pullback, pushforward, and musical maps, offering a natural framework for developing
structure-preserving methods. Geometries are represented abstractly, allowing PDEs to
be solved on manifolds of arbitrary dimension.

The library supports a wide variety of high-order basis functions and offers flexibility
to construct new ones, enabling users to design custom discretisations. Together, these
features make Mantis.jl a versatile platform for building FEM tools and for exploring
novel geometric and structure-preserving approaches to numerical simulation.

Mantis.jl

Differential geometry
• Forms of all ranks: α0, β1, . . . , γk, . . . ,σn

• Dimension independent: n = 1, 2, 3 (next 4D
space-time)

• Differential geometry operators implemented
d, %,→,Φ→,Φ→, &

• Composition of operations
%dαk,αk1 → %dαk2 → αkm

• Discrete de Rham complexes
0 → Λ0

h
d−→ Λ1

h
d−→ Λ2

h
d−→ Λ3

h → 0

Complex geometries
• Analytical expressions
• Function spaces
• Cuboidal mesh elements

Ω̂

Ωk
Φk(ξ

1, . . . , ξn)

∫

Ωk
αk ∧ "βk −→

∫

Ω̂
Φ→ [

αk
]
∧ Φ→ [

"βk
]

Versatile basis functions

• MSEM basis: Lagrange and edge polynomials
• Splines: B-splines & NURBS, polar splines,

hierarchical splines, approximate C1 space,
tensor-product spaces using these functions.

• User-defined basis: polynomial, non-polynomial
(exponential and trigonometric functions).

Open to researchers and students

• Open source: MIT license
• Low access barrier high level API
• Performant low level API
• Expandable

FEATURES

Complex geometries

1D manifold 2D manifold 3D manifold

Manifolds

1D manifold in 3D 2D manifold in 3D

Mantis.jl handles manifolds
through parametric mappings
that define their metric. With
its differential geometric founda-
tion, operators are treated uni-
formly across any metric, in
any dimension. For example,
the Laplace–Beltrami operator
on submanifolds needs no special
treatment.

Manifolds embedded in higher dimensions

Mantis.jl represents manifolds through mappings

Φ : Ω̂ ⊂ Rn "−→ Rm, n ≤ m,

where Φ is injective, continuous, and element-wise differentiable.
Departing from traditional FEM libraries that rely on the Jacobian, J ,
Mantis.jl adopts a differential geometric approach: metric tensor g = JᵀJ ,
pullbacks Φ∗, and pushforward Φ∗.
This enables PDEs to be pulled-back and solved intrinsically on the parametric
manifold with the metric induced by the mapping and then pushed-forward.

• Dimension-agnostic design: the same machinery works for curves, sur-
faces, and volumes in arbitrary embedding dimensions.

• Exact geometric compatibility: using pullbacks/pushforwards ensures
transformations of fields respect their geometric nature (scalar, vector, k-
form).

• Intrinsic formulation: geometry is expressed through the metric tensor,
so PDEs are posed intrinsically without dependence on embedding choices.

• High-order geometry: by allowing mappings as FEM fields of analytical
expressions, Mantis.jl naturally supports high-order curved geometries.

• Structure-preserving: the metric-based formulation aligns with FEEC
and guarantees consistency of operators across geometries.

Basis functions

0-forms base function 1-form bases functions: dξ (up), dη (down) 2-form base function: dξ ∧ dη

Non-hierarchical bases

Truncated hierarchical bases Hierarchical mesh Non-truncated hierarchical bases

Hierarchical bases

Computations in Mantis.jl can be performed using a wide variety of discrete
differential form spaces. These include standard finite elements differential
forms with the lowest regularity, but also several generalizations. The under-
lying meshes are assumed to be composed of cuboidal elements, with support
for simplicial elements planned for the future.

• Univariate discrete differential forms:
– mimetic finite element spaces
– polynomial B-splines
– multi-degree B-splines
– generalized B-splines (e.g., trigonometric, exponential)

• Multivariate extensions through tensor products: All form spaces
can be combined with each other through tensor products to create new
form spaces in higher dimensions.

• Unstructured multivariate extensions: Mantis.jl allows users to im-
plement their own form spaces through an extraction-based interface. This
enables simulations on complex geometries. Polar and toroidal splines for
axisymmetric domains, and approximate C1 splines are included in the
library.

• Hierarchical bases: Form spaces in Mantis.jl can be locally refined
using a hierarchical approach, thus enabling adaptive simulations. Both
truncated and non-truncated hierarchical bases are supported.

EXAMPLE OF USAGE

Hodge-Laplace problem

{
d∗dφ0 = −f0 on Ω

tr(φ0) = 0 on ∂Ω

Given f0 ∈ L2Λ0(Ω), find φ0 ∈ Λ0h(Ω) such that
∫

Ω
dψ0∧$dφ0 =

∫

Ω
ψ0∧$f0 ∀ ψ0 ∈ Λ0h,0(Ω)

Define the continuous weak problem

1 import Mantis

2
3 starting_point = (0.0, 0.0)

4 box_size = (0.5, 0.5)

5 num_elements = (10, 10)

6 cartesian_geo = Mantis.Geometry.create_cartesian_box(

7 starting_point, box_size, num_elements

8 )

9 geometry = cartesian_geo

Map
Geometry

1 function mapping(x::AbstractVector)

2 # Define the mapping

3 return [Φ[k](x[1], x[2]) for k in 1:3]

4 end

5 function dmapping(xi::AbstractVector)

6 # Define the Jacobian of the mapping: J

7 return [J[k,j][x[1], x[2]] for k in 1:3, j in 1:2]

8 end

9 # Define the mapped geometry

10 dimension = (2, 3) # 2-manifold in R^3

11 curved_mapping = Mantis.Geometry.Mapping(dimension,

12 mapping, dmapping)

13 geometry = Geometry.MappedGeometry(cartesian_geo,

14 curved_mapping)

Mantis.jl generates geometries with identical interfaces. For example, for
the solver, a 2D Cartesian geometry is indistinguishable from a geometry
representing a curved 2D manifold embedded in R3. The same applies for
a 3D manifold (geometry).

Define the geometry

1 # Create a FEM function space for the 0-forms

2 p = (3, 3) # polynomial degree 3 in both directions

3 k = (2, 2) # maximal smoothness in both directions

4 B = Mantis.FunctionSpaces.create_bspline_space(

5 starting_point,

6 box_size,

7 num_elements,

8 p,

9 k,

10 )

11 # Create the 0-form function space combining

12 # - FEM space

13 # - Geometry

14 Λ_0 = Mantis.Forms.FormSpace(0, geometry, (B,), "Λ_0")

Hierarchical
spaces

de Rham
complex

1 # Hierarchical parameters.

2 truncate = true # true = THB, false = HB

3 num_sub = (2, 2) # Subdivisions per dim per step.

4
5 H = Mantis.Forms.create_hierarchical_de_rham_complex(

6 geometry, p, k, num_sub, truncate)

7 Λ_0 = H[0] # Use 0-form space

Mantis.jl can generate individual form spaces from FEM spaces, but it is
also possible to generate all spaces associated to a discrete de Rham com-
plex. As for geometries, form spaces share the same interface for the as-
sembly step, allowing for easy interchange of spaces (e.g., non-hierarchical
and hierarchical).

Define form spaces

1 ∧ = Mantis.Forms.wedge

2 ⋆ = Mantis.Forms.hodge

3 function zero_form_hodge_laplacian(inputs, element_id)

4 qnodes = Mantis.Quadrature.get_nodes(inputs.quad_rule)

5 qweights = Mantis.Quadrature.get_weights(

6 inputs.quad_rule)

7
8 ψ⁰ = inputs.space_test

9 dψ⁰ = Mantis.Forms.exterior_derivative(ψ⁰)

10 dϕ⁰ = Mantis.Forms.exterior_derivative(

11 inputs.space_trial)

12
13 wedgeA = dψ⁰ ∧ ⋆dϕ⁰

14 wedge_A, Ainds = Mantis.Forms.evaluate(wedgeA,

15 element_id, qnodes)

16 # - Computation of row and column indices redacted. -

17 Av = vec(sum(qweights .* wedge_A[1]; dims=1))

18
19 wedgeb = ψ⁰ ∧ ⋆inputs.forcing

20 wedge_b, br = Mantis.Forms.evaluate(wedgeb,

21 element_id, qnodes)

22 bv = vec(sum(qweights .* wedge_b[1]; dims=1))

23
24 return (Ar, Ac, Av), (br[1], bv)

25 end

Assemble

Solve

1 # Set essential boundary conditions

2 bc_dirichlet = Dict(Mantis.Assemblers.get_trace_dofs(B)

3 .=> 0.0)

4
5 # Assemble system

6 lhs, rhs = Mantis.Assemblers.assemble(

7 zero_form_hodge_laplacian, wfi, bc_dirichlet)

8
9 # Solve

10 ϕ⁰ = Mantis.Forms.FormField(Λ⁰, "ϕ⁰")

11 ϕ⁰.coefficients .= lhs \ rhs

Solution on the square manifold.

Solution on the bumpy torus.

Weak form, assembly, and solution

NEAR FUTURE DEVELOPMENTS

• Automatic support for boundary conditions and general topologies.
• Generalization to tensor-valued forms and operators.
• Support for hybridized finite elements.
• Support for parallel computations.

• Aiming for public access this year.
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GOALS AND MOTIVATION

Mantis.jl is a general-purpose, open-source finite element (FEM) library written in
Julia. Its goal is to provide high-performance implementations of structure-preserving
discretisations of PDEs, while maintaining an accessible, high-level interface. By
leveraging Julia, the library avoids the pitfalls of the traditional two-language approach,
where prototyping and production code are separated.

Unlike standard FEM libraries built around vector calculus, Mantis.jl is grounded
in differential geometry. Core operators include the exterior derivative, Hodge-!,
pullback, pushforward, and musical maps, offering a natural framework for developing
structure-preserving methods. Geometries are represented abstractly, allowing PDEs to
be solved on manifolds of arbitrary dimension.

The library supports a wide variety of high-order basis functions and offers flexibility
to construct new ones, enabling users to design custom discretisations. Together, these
features make Mantis.jl a versatile platform for building FEM tools and for exploring
novel geometric and structure-preserving approaches to numerical simulation.

Mantis.jl

Differential geometry
• Forms of all ranks: α0, β1, . . . , γk, . . . ,σn

• Dimension independent: n = 1, 2, 3 (next 4D
space-time)

• Differential geometry operators implemented
d, %,→,Φ→,Φ→, &

• Composition of operations
%dαk,αk1 → %dαk2 → αkm

• Discrete de Rham complexes
0 → Λ0

h
d−→ Λ1

h
d−→ Λ2

h
d−→ Λ3

h → 0

Complex geometries
• Analytical expressions
• Function spaces
• Cuboidal mesh elements

Ω̂

Ωk
Φk(ξ

1, . . . , ξn)

∫

Ωk
αk ∧ "βk −→

∫

Ω̂
Φ→ [

αk
]
∧ Φ→ [

"βk
]

Versatile basis functions

• MSEM basis: Lagrange and edge polynomials
• Splines: B-splines & NURBS, polar splines,

hierarchical splines, approximate C1 space,
tensor-product spaces using these functions.

• User-defined basis: polynomial, non-polynomial
(exponential and trigonometric functions).

Open to researchers and students

• Open source: MIT license
• Low access barrier high level API
• Performant low level API
• Expandable

FEATURES

Complex geometries

1D manifold 2D manifold 3D manifold

Manifolds

1D manifold in 3D 2D manifold in 3D

Mantis.jl handles manifolds
through parametric mappings
that define their metric. With
its differential geometric founda-
tion, operators are treated uni-
formly across any metric, in
any dimension. For example,
the Laplace–Beltrami operator
on submanifolds needs no special
treatment.

Manifolds embedded in higher dimensions

Mantis.jl represents manifolds through mappings

Φ : Ω̂ ⊂ Rn "−→ Rm, n ≤ m,

where Φ is injective, continuous, and element-wise differentiable.
Departing from traditional FEM libraries that rely on the Jacobian, J ,
Mantis.jl adopts a differential geometric approach: metric tensor g = JᵀJ ,
pullbacks Φ∗, and pushforward Φ∗.
This enables PDEs to be pulled-back and solved intrinsically on the parametric
manifold with the metric induced by the mapping and then pushed-forward.

• Dimension-agnostic design: the same machinery works for curves, sur-
faces, and volumes in arbitrary embedding dimensions.

• Exact geometric compatibility: using pullbacks/pushforwards ensures
transformations of fields respect their geometric nature (scalar, vector, k-
form).

• Intrinsic formulation: geometry is expressed through the metric tensor,
so PDEs are posed intrinsically without dependence on embedding choices.

• High-order geometry: by allowing mappings as FEM fields of analytical
expressions, Mantis.jl naturally supports high-order curved geometries.

• Structure-preserving: the metric-based formulation aligns with FEEC
and guarantees consistency of operators across geometries.

Basis functions

0-forms base function 1-form bases functions: dξ (up), dη (down) 2-form base function: dξ ∧ dη

Non-hierarchical bases

Truncated hierarchical bases Hierarchical mesh Non-truncated hierarchical bases

Hierarchical bases

Computations in Mantis.jl can be performed using a wide variety of discrete
differential form spaces. These include standard finite elements differential
forms with the lowest regularity, but also several generalizations. The under-
lying meshes are assumed to be composed of cuboidal elements, with support
for simplicial elements planned for the future.

• Univariate discrete differential forms:
– mimetic finite element spaces
– polynomial B-splines
– multi-degree B-splines
– generalized B-splines (e.g., trigonometric, exponential)

• Multivariate extensions through tensor products: All form spaces
can be combined with each other through tensor products to create new
form spaces in higher dimensions.

• Unstructured multivariate extensions: Mantis.jl allows users to im-
plement their own form spaces through an extraction-based interface. This
enables simulations on complex geometries. Polar and toroidal splines for
axisymmetric domains, and approximate C1 splines are included in the
library.

• Hierarchical bases: Form spaces in Mantis.jl can be locally refined
using a hierarchical approach, thus enabling adaptive simulations. Both
truncated and non-truncated hierarchical bases are supported.

EXAMPLE OF USAGE

Hodge-Laplace problem

{
d∗dφ0 = −f0 on Ω

tr(φ0) = 0 on ∂Ω

Given f0 ∈ L2Λ0(Ω), find φ0 ∈ Λ0h(Ω) such that
∫

Ω
dψ0∧$dφ0 =

∫

Ω
ψ0∧$f0 ∀ ψ0 ∈ Λ0h,0(Ω)

Define the continuous weak problem

1 import Mantis

2
3 starting_point = (0.0, 0.0)

4 box_size = (0.5, 0.5)

5 num_elements = (10, 10)

6 cartesian_geo = Mantis.Geometry.create_cartesian_box(

7 starting_point, box_size, num_elements

8 )

9 geometry = cartesian_geo

Map
Geometry

1 function mapping(x::AbstractVector)

2 # Define the mapping

3 return [Φ[k](x[1], x[2]) for k in 1:3]

4 end

5 function dmapping(xi::AbstractVector)

6 # Define the Jacobian of the mapping: J

7 return [J[k,j][x[1], x[2]] for k in 1:3, j in 1:2]

8 end

9 # Define the mapped geometry

10 dimension = (2, 3) # 2-manifold in R^3

11 curved_mapping = Mantis.Geometry.Mapping(dimension,

12 mapping, dmapping)

13 geometry = Geometry.MappedGeometry(cartesian_geo,

14 curved_mapping)

Mantis.jl generates geometries with identical interfaces. For example, for
the solver, a 2D Cartesian geometry is indistinguishable from a geometry
representing a curved 2D manifold embedded in R3. The same applies for
a 3D manifold (geometry).

Define the geometry

1 # Create a FEM function space for the 0-forms

2 p = (3, 3) # polynomial degree 3 in both directions

3 k = (2, 2) # maximal smoothness in both directions

4 B = Mantis.FunctionSpaces.create_bspline_space(

5 starting_point,

6 box_size,

7 num_elements,

8 p,

9 k,

10 )

11 # Create the 0-form function space combining

12 # - FEM space

13 # - Geometry

14 Λ_0 = Mantis.Forms.FormSpace(0, geometry, (B,), "Λ_0")

Hierarchical
spaces

de Rham
complex

1 # Hierarchical parameters.

2 truncate = true # true = THB, false = HB

3 num_sub = (2, 2) # Subdivisions per dim per step.

4
5 H = Mantis.Forms.create_hierarchical_de_rham_complex(

6 geometry, p, k, num_sub, truncate)

7 Λ_0 = H[0] # Use 0-form space

Mantis.jl can generate individual form spaces from FEM spaces, but it is
also possible to generate all spaces associated to a discrete de Rham com-
plex. As for geometries, form spaces share the same interface for the as-
sembly step, allowing for easy interchange of spaces (e.g., non-hierarchical
and hierarchical).

Define form spaces

1 ∧ = Mantis.Forms.wedge

2 ⋆ = Mantis.Forms.hodge

3 function zero_form_hodge_laplacian(inputs, element_id)

4 qnodes = Mantis.Quadrature.get_nodes(inputs.quad_rule)

5 qweights = Mantis.Quadrature.get_weights(

6 inputs.quad_rule)

7
8 ψ⁰ = inputs.space_test

9 dψ⁰ = Mantis.Forms.exterior_derivative(ψ⁰)

10 dϕ⁰ = Mantis.Forms.exterior_derivative(

11 inputs.space_trial)

12
13 wedgeA = dψ⁰ ∧ ⋆dϕ⁰

14 wedge_A, Ainds = Mantis.Forms.evaluate(wedgeA,

15 element_id, qnodes)

16 # - Computation of row and column indices redacted. -

17 Av = vec(sum(qweights .* wedge_A[1]; dims=1))

18
19 wedgeb = ψ⁰ ∧ ⋆inputs.forcing

20 wedge_b, br = Mantis.Forms.evaluate(wedgeb,

21 element_id, qnodes)

22 bv = vec(sum(qweights .* wedge_b[1]; dims=1))

23
24 return (Ar, Ac, Av), (br[1], bv)

25 end

Assemble

Solve

1 # Set essential boundary conditions

2 bc_dirichlet = Dict(Mantis.Assemblers.get_trace_dofs(B)

3 .=> 0.0)

4
5 # Assemble system

6 lhs, rhs = Mantis.Assemblers.assemble(

7 zero_form_hodge_laplacian, wfi, bc_dirichlet)

8
9 # Solve

10 ϕ⁰ = Mantis.Forms.FormField(Λ⁰, "ϕ⁰")

11 ϕ⁰.coefficients .= lhs \ rhs

Solution on the square manifold.

Solution on the bumpy torus.

Weak form, assembly, and solution

NEAR FUTURE DEVELOPMENTS

• Automatic support for boundary conditions and general topologies.
• Generalization to tensor-valued forms and operators.
• Support for hybridized finite elements.
• Support for parallel computations.

• Aiming for public access this year.
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GOALS AND MOTIVATION

Mantis.jl is a general-purpose, open-source finite element (FEM) library written in
Julia. Its goal is to provide high-performance implementations of structure-preserving
discretisations of PDEs, while maintaining an accessible, high-level interface. By
leveraging Julia, the library avoids the pitfalls of the traditional two-language approach,
where prototyping and production code are separated.

Unlike standard FEM libraries built around vector calculus, Mantis.jl is grounded
in differential geometry. Core operators include the exterior derivative, Hodge-!,
pullback, pushforward, and musical maps, offering a natural framework for developing
structure-preserving methods. Geometries are represented abstractly, allowing PDEs to
be solved on manifolds of arbitrary dimension.

The library supports a wide variety of high-order basis functions and offers flexibility
to construct new ones, enabling users to design custom discretisations. Together, these
features make Mantis.jl a versatile platform for building FEM tools and for exploring
novel geometric and structure-preserving approaches to numerical simulation.

Mantis.jl

Differential geometry
• Forms of all ranks: α0, β1, . . . , γk, . . . ,σn

• Dimension independent: n = 1, 2, 3 (next 4D
space-time)

• Differential geometry operators implemented
d, %,→,Φ→,Φ→, &

• Composition of operations
%dαk,αk1 → %dαk2 → αkm

• Discrete de Rham complexes
0 → Λ0

h
d−→ Λ1

h
d−→ Λ2

h
d−→ Λ3

h → 0

Complex geometries
• Analytical expressions
• Function spaces
• Cuboidal mesh elements

Ω̂

Ωk
Φk(ξ

1, . . . , ξn)

∫

Ωk
αk ∧ "βk −→

∫

Ω̂
Φ→ [

αk
]
∧ Φ→ [

"βk
]

Versatile basis functions

• MSEM basis: Lagrange and edge polynomials
• Splines: B-splines & NURBS, polar splines,

hierarchical splines, approximate C1 space,
tensor-product spaces using these functions.

• User-defined basis: polynomial, non-polynomial
(exponential and trigonometric functions).

Open to researchers and students

• Open source: MIT license
• Low access barrier high level API
• Performant low level API
• Expandable

FEATURES

Complex geometries

1D manifold 2D manifold 3D manifold

Manifolds

1D manifold in 3D 2D manifold in 3D

Mantis.jl handles manifolds
through parametric mappings
that define their metric. With
its differential geometric founda-
tion, operators are treated uni-
formly across any metric, in
any dimension. For example,
the Laplace–Beltrami operator
on submanifolds needs no special
treatment.

Manifolds embedded in higher dimensions

Mantis.jl represents manifolds through mappings

Φ : Ω̂ ⊂ Rn "−→ Rm, n ≤ m,

where Φ is injective, continuous, and element-wise differentiable.
Departing from traditional FEM libraries that rely on the Jacobian, J ,
Mantis.jl adopts a differential geometric approach: metric tensor g = JᵀJ ,
pullbacks Φ∗, and pushforward Φ∗.
This enables PDEs to be pulled-back and solved intrinsically on the parametric
manifold with the metric induced by the mapping and then pushed-forward.

• Dimension-agnostic design: the same machinery works for curves, sur-
faces, and volumes in arbitrary embedding dimensions.

• Exact geometric compatibility: using pullbacks/pushforwards ensures
transformations of fields respect their geometric nature (scalar, vector, k-
form).

• Intrinsic formulation: geometry is expressed through the metric tensor,
so PDEs are posed intrinsically without dependence on embedding choices.

• High-order geometry: by allowing mappings as FEM fields of analytical
expressions, Mantis.jl naturally supports high-order curved geometries.

• Structure-preserving: the metric-based formulation aligns with FEEC
and guarantees consistency of operators across geometries.

Basis functions

0-forms base function 1-form bases functions: dξ (up), dη (down) 2-form base function: dξ ∧ dη

Non-hierarchical bases

Truncated hierarchical bases Hierarchical mesh Non-truncated hierarchical bases

Hierarchical bases

Computations in Mantis.jl can be performed using a wide variety of discrete
differential form spaces. These include standard finite elements differential
forms with the lowest regularity, but also several generalizations. The under-
lying meshes are assumed to be composed of cuboidal elements, with support
for simplicial elements planned for the future.

• Univariate discrete differential forms:
– mimetic finite element spaces
– polynomial B-splines
– multi-degree B-splines
– generalized B-splines (e.g., trigonometric, exponential)

• Multivariate extensions through tensor products: All form spaces
can be combined with each other through tensor products to create new
form spaces in higher dimensions.

• Unstructured multivariate extensions: Mantis.jl allows users to im-
plement their own form spaces through an extraction-based interface. This
enables simulations on complex geometries. Polar and toroidal splines for
axisymmetric domains, and approximate C1 splines are included in the
library.

• Hierarchical bases: Form spaces in Mantis.jl can be locally refined
using a hierarchical approach, thus enabling adaptive simulations. Both
truncated and non-truncated hierarchical bases are supported.

EXAMPLE OF USAGE

Hodge-Laplace problem

{
d∗dφ0 = −f0 on Ω

tr(φ0) = 0 on ∂Ω

Given f0 ∈ L2Λ0(Ω), find φ0 ∈ Λ0h(Ω) such that
∫

Ω
dψ0∧$dφ0 =

∫

Ω
ψ0∧$f0 ∀ ψ0 ∈ Λ0h,0(Ω)

Define the continuous weak problem

1 import Mantis

2
3 starting_point = (0.0, 0.0)

4 box_size = (0.5, 0.5)

5 num_elements = (10, 10)

6 cartesian_geo = Mantis.Geometry.create_cartesian_box(

7 starting_point, box_size, num_elements

8 )

9 geometry = cartesian_geo

Map
Geometry

1 function mapping(x::AbstractVector)

2 # Define the mapping

3 return [Φ[k](x[1], x[2]) for k in 1:3]

4 end

5 function dmapping(xi::AbstractVector)

6 # Define the Jacobian of the mapping: J

7 return [J[k,j][x[1], x[2]] for k in 1:3, j in 1:2]

8 end

9 # Define the mapped geometry

10 dimension = (2, 3) # 2-manifold in R^3

11 curved_mapping = Mantis.Geometry.Mapping(dimension,

12 mapping, dmapping)

13 geometry = Geometry.MappedGeometry(cartesian_geo,

14 curved_mapping)

Mantis.jl generates geometries with identical interfaces. For example, for
the solver, a 2D Cartesian geometry is indistinguishable from a geometry
representing a curved 2D manifold embedded in R3. The same applies for
a 3D manifold (geometry).

Define the geometry

1 # Create a FEM function space for the 0-forms

2 p = (3, 3) # polynomial degree 3 in both directions

3 k = (2, 2) # maximal smoothness in both directions

4 B = Mantis.FunctionSpaces.create_bspline_space(

5 starting_point,

6 box_size,

7 num_elements,

8 p,

9 k,

10 )

11 # Create the 0-form function space combining

12 # - FEM space

13 # - Geometry

14 Λ_0 = Mantis.Forms.FormSpace(0, geometry, (B,), "Λ_0")

Hierarchical
spaces

de Rham
complex

1 # Hierarchical parameters.

2 truncate = true # true = THB, false = HB

3 num_sub = (2, 2) # Subdivisions per dim per step.

4
5 H = Mantis.Forms.create_hierarchical_de_rham_complex(

6 geometry, p, k, num_sub, truncate)

7 Λ_0 = H[0] # Use 0-form space

Mantis.jl can generate individual form spaces from FEM spaces, but it is
also possible to generate all spaces associated to a discrete de Rham com-
plex. As for geometries, form spaces share the same interface for the as-
sembly step, allowing for easy interchange of spaces (e.g., non-hierarchical
and hierarchical).

Define form spaces

1 ∧ = Mantis.Forms.wedge

2 ⋆ = Mantis.Forms.hodge

3 function zero_form_hodge_laplacian(inputs, element_id)

4 qnodes = Mantis.Quadrature.get_nodes(inputs.quad_rule)

5 qweights = Mantis.Quadrature.get_weights(

6 inputs.quad_rule)

7
8 ψ⁰ = inputs.space_test

9 dψ⁰ = Mantis.Forms.exterior_derivative(ψ⁰)

10 dϕ⁰ = Mantis.Forms.exterior_derivative(

11 inputs.space_trial)

12
13 wedgeA = dψ⁰ ∧ ⋆dϕ⁰

14 wedge_A, Ainds = Mantis.Forms.evaluate(wedgeA,

15 element_id, qnodes)

16 # - Computation of row and column indices redacted. -

17 Av = vec(sum(qweights .* wedge_A[1]; dims=1))

18
19 wedgeb = ψ⁰ ∧ ⋆inputs.forcing

20 wedge_b, br = Mantis.Forms.evaluate(wedgeb,

21 element_id, qnodes)

22 bv = vec(sum(qweights .* wedge_b[1]; dims=1))

23
24 return (Ar, Ac, Av), (br[1], bv)

25 end

Assemble

Solve

1 # Set essential boundary conditions

2 bc_dirichlet = Dict(Mantis.Assemblers.get_trace_dofs(B)

3 .=> 0.0)

4
5 # Assemble system

6 lhs, rhs = Mantis.Assemblers.assemble(

7 zero_form_hodge_laplacian, wfi, bc_dirichlet)

8
9 # Solve

10 ϕ⁰ = Mantis.Forms.FormField(Λ⁰, "ϕ⁰")

11 ϕ⁰.coefficients .= lhs \ rhs

Solution on the square manifold.

Solution on the bumpy torus.

Weak form, assembly, and solution

NEAR FUTURE DEVELOPMENTS

• Automatic support for boundary conditions and general topologies.
• Generalization to tensor-valued forms and operators.
• Support for hybridized finite elements.
• Support for parallel computations.

• Aiming for public access this year.
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GOALS AND MOTIVATION

Mantis.jl is a general-purpose, open-source finite element (FEM) library written in
Julia. Its goal is to provide high-performance implementations of structure-preserving
discretisations of PDEs, while maintaining an accessible, high-level interface. By
leveraging Julia, the library avoids the pitfalls of the traditional two-language approach,
where prototyping and production code are separated.

Unlike standard FEM libraries built around vector calculus, Mantis.jl is grounded
in differential geometry. Core operators include the exterior derivative, Hodge-!,
pullback, pushforward, and musical maps, offering a natural framework for developing
structure-preserving methods. Geometries are represented abstractly, allowing PDEs to
be solved on manifolds of arbitrary dimension.

The library supports a wide variety of high-order basis functions and offers flexibility
to construct new ones, enabling users to design custom discretisations. Together, these
features make Mantis.jl a versatile platform for building FEM tools and for exploring
novel geometric and structure-preserving approaches to numerical simulation.

Mantis.jl

Differential geometry
• Forms of all ranks: α0, β1, . . . , γk, . . . ,σn

• Dimension independent: n = 1, 2, 3 (next 4D
space-time)

• Differential geometry operators implemented
d, %,→,Φ→,Φ→, &

• Composition of operations
%dαk,αk1 → %dαk2 → αkm

• Discrete de Rham complexes
0 → Λ0

h
d−→ Λ1

h
d−→ Λ2

h
d−→ Λ3

h → 0

Complex geometries
• Analytical expressions
• Function spaces
• Cuboidal mesh elements

Ω̂

Ωk
Φk(ξ

1, . . . , ξn)

∫

Ωk
αk ∧ "βk −→

∫

Ω̂
Φ→ [

αk
]
∧ Φ→ [

"βk
]

Versatile basis functions

• MSEM basis: Lagrange and edge polynomials
• Splines: B-splines & NURBS, polar splines,

hierarchical splines, approximate C1 space,
tensor-product spaces using these functions.

• User-defined basis: polynomial, non-polynomial
(exponential and trigonometric functions).

Open to researchers and students

• Open source: MIT license
• Low access barrier high level API
• Performant low level API
• Expandable

FEATURES

Complex geometries

1D manifold 2D manifold 3D manifold

Manifolds

1D manifold in 3D 2D manifold in 3D

Mantis.jl handles manifolds
through parametric mappings
that define their metric. With
its differential geometric founda-
tion, operators are treated uni-
formly across any metric, in
any dimension. For example,
the Laplace–Beltrami operator
on submanifolds needs no special
treatment.

Manifolds embedded in higher dimensions

Mantis.jl represents manifolds through mappings

Φ : Ω̂ ⊂ Rn "−→ Rm, n ≤ m,

where Φ is injective, continuous, and element-wise differentiable.
Departing from traditional FEM libraries that rely on the Jacobian, J ,
Mantis.jl adopts a differential geometric approach: metric tensor g = JᵀJ ,
pullbacks Φ∗, and pushforward Φ∗.
This enables PDEs to be pulled-back and solved intrinsically on the parametric
manifold with the metric induced by the mapping and then pushed-forward.

• Dimension-agnostic design: the same machinery works for curves, sur-
faces, and volumes in arbitrary embedding dimensions.

• Exact geometric compatibility: using pullbacks/pushforwards ensures
transformations of fields respect their geometric nature (scalar, vector, k-
form).

• Intrinsic formulation: geometry is expressed through the metric tensor,
so PDEs are posed intrinsically without dependence on embedding choices.

• High-order geometry: by allowing mappings as FEM fields of analytical
expressions, Mantis.jl naturally supports high-order curved geometries.

• Structure-preserving: the metric-based formulation aligns with FEEC
and guarantees consistency of operators across geometries.

Basis functions

0-forms base function 1-form bases functions: dξ (up), dη (down) 2-form base function: dξ ∧ dη

Non-hierarchical bases

Truncated hierarchical bases Hierarchical mesh Non-truncated hierarchical bases

Hierarchical bases

Computations in Mantis.jl can be performed using a wide variety of discrete
differential form spaces. These include standard finite elements differential
forms with the lowest regularity, but also several generalizations. The under-
lying meshes are assumed to be composed of cuboidal elements, with support
for simplicial elements planned for the future.

• Univariate discrete differential forms:
– mimetic finite element spaces
– polynomial B-splines
– multi-degree B-splines
– generalized B-splines (e.g., trigonometric, exponential)

• Multivariate extensions through tensor products: All form spaces
can be combined with each other through tensor products to create new
form spaces in higher dimensions.

• Unstructured multivariate extensions: Mantis.jl allows users to im-
plement their own form spaces through an extraction-based interface. This
enables simulations on complex geometries. Polar and toroidal splines for
axisymmetric domains, and approximate C1 splines are included in the
library.

• Hierarchical bases: Form spaces in Mantis.jl can be locally refined
using a hierarchical approach, thus enabling adaptive simulations. Both
truncated and non-truncated hierarchical bases are supported.

EXAMPLE OF USAGE

Hodge-Laplace problem

{
d∗dφ0 = −f0 on Ω

tr(φ0) = 0 on ∂Ω

Given f0 ∈ L2Λ0(Ω), find φ0 ∈ Λ0h(Ω) such that
∫

Ω
dψ0∧$dφ0 =

∫

Ω
ψ0∧$f0 ∀ ψ0 ∈ Λ0h,0(Ω)

Define the continuous weak problem

1 import Mantis

2
3 starting_point = (0.0, 0.0)

4 box_size = (0.5, 0.5)

5 num_elements = (10, 10)

6 cartesian_geo = Mantis.Geometry.create_cartesian_box(

7 starting_point, box_size, num_elements

8 )

9 geometry = cartesian_geo

Map
Geometry

1 function mapping(x::AbstractVector)

2 # Define the mapping

3 return [Φ[k](x[1], x[2]) for k in 1:3]

4 end

5 function dmapping(xi::AbstractVector)

6 # Define the Jacobian of the mapping: J

7 return [J[k,j][x[1], x[2]] for k in 1:3, j in 1:2]

8 end

9 # Define the mapped geometry

10 dimension = (2, 3) # 2-manifold in R^3

11 curved_mapping = Mantis.Geometry.Mapping(dimension,

12 mapping, dmapping)

13 geometry = Geometry.MappedGeometry(cartesian_geo,

14 curved_mapping)

Mantis.jl generates geometries with identical interfaces. For example, for
the solver, a 2D Cartesian geometry is indistinguishable from a geometry
representing a curved 2D manifold embedded in R3. The same applies for
a 3D manifold (geometry).

Define the geometry

1 # Create a FEM function space for the 0-forms

2 p = (3, 3) # polynomial degree 3 in both directions

3 k = (2, 2) # maximal smoothness in both directions

4 B = Mantis.FunctionSpaces.create_bspline_space(

5 starting_point,

6 box_size,

7 num_elements,

8 p,

9 k,

10 )

11 # Create the 0-form function space combining

12 # - FEM space

13 # - Geometry

14 Λ_0 = Mantis.Forms.FormSpace(0, geometry, (B,), "Λ_0")

Hierarchical
spaces

de Rham
complex

1 # Hierarchical parameters.

2 truncate = true # true = THB, false = HB

3 num_sub = (2, 2) # Subdivisions per dim per step.

4
5 H = Mantis.Forms.create_hierarchical_de_rham_complex(

6 geometry, p, k, num_sub, truncate)

7 Λ_0 = H[0] # Use 0-form space

Mantis.jl can generate individual form spaces from FEM spaces, but it is
also possible to generate all spaces associated to a discrete de Rham com-
plex. As for geometries, form spaces share the same interface for the as-
sembly step, allowing for easy interchange of spaces (e.g., non-hierarchical
and hierarchical).

Define form spaces

1 ∧ = Mantis.Forms.wedge

2 ⋆ = Mantis.Forms.hodge

3 function zero_form_hodge_laplacian(inputs, element_id)

4 qnodes = Mantis.Quadrature.get_nodes(inputs.quad_rule)

5 qweights = Mantis.Quadrature.get_weights(

6 inputs.quad_rule)

7
8 ψ⁰ = inputs.space_test

9 dψ⁰ = Mantis.Forms.exterior_derivative(ψ⁰)

10 dϕ⁰ = Mantis.Forms.exterior_derivative(

11 inputs.space_trial)

12
13 wedgeA = dψ⁰ ∧ ⋆dϕ⁰

14 wedge_A, Ainds = Mantis.Forms.evaluate(wedgeA,

15 element_id, qnodes)

16 # - Computation of row and column indices redacted. -

17 Av = vec(sum(qweights .* wedge_A[1]; dims=1))

18
19 wedgeb = ψ⁰ ∧ ⋆inputs.forcing

20 wedge_b, br = Mantis.Forms.evaluate(wedgeb,

21 element_id, qnodes)

22 bv = vec(sum(qweights .* wedge_b[1]; dims=1))

23
24 return (Ar, Ac, Av), (br[1], bv)

25 end

Assemble

Solve

1 # Set essential boundary conditions

2 bc_dirichlet = Dict(Mantis.Assemblers.get_trace_dofs(B)

3 .=> 0.0)

4
5 # Assemble system

6 lhs, rhs = Mantis.Assemblers.assemble(

7 zero_form_hodge_laplacian, wfi, bc_dirichlet)

8
9 # Solve

10 ϕ⁰ = Mantis.Forms.FormField(Λ⁰, "ϕ⁰")

11 ϕ⁰.coefficients .= lhs \ rhs

Solution on the square manifold.

Solution on the bumpy torus.

Weak form, assembly, and solution

NEAR FUTURE DEVELOPMENTS

• Automatic support for boundary conditions and general topologies.
• Generalization to tensor-valued forms and operators.
• Support for hybridized finite elements.
• Support for parallel computations.

• Aiming for public access this year.
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GOALS AND MOTIVATION

Mantis.jl is a general-purpose, open-source finite element (FEM) library written in
Julia. Its goal is to provide high-performance implementations of structure-preserving
discretisations of PDEs, while maintaining an accessible, high-level interface. By
leveraging Julia, the library avoids the pitfalls of the traditional two-language approach,
where prototyping and production code are separated.

Unlike standard FEM libraries built around vector calculus, Mantis.jl is grounded
in differential geometry. Core operators include the exterior derivative, Hodge-!,
pullback, pushforward, and musical maps, offering a natural framework for developing
structure-preserving methods. Geometries are represented abstractly, allowing PDEs to
be solved on manifolds of arbitrary dimension.

The library supports a wide variety of high-order basis functions and offers flexibility
to construct new ones, enabling users to design custom discretisations. Together, these
features make Mantis.jl a versatile platform for building FEM tools and for exploring
novel geometric and structure-preserving approaches to numerical simulation.

Mantis.jl

Differential geometry
• Forms of all ranks: α0, β1, . . . , γk, . . . ,σn

• Dimension independent: n = 1, 2, 3 (next 4D
space-time)

• Differential geometry operators implemented
d, %,→,Φ→,Φ→, &

• Composition of operations
%dαk,αk1 → %dαk2 → αkm

• Discrete de Rham complexes
0 → Λ0

h
d−→ Λ1

h
d−→ Λ2

h
d−→ Λ3

h → 0

Complex geometries
• Analytical expressions
• Function spaces
• Cuboidal mesh elements

Ω̂

Ωk
Φk(ξ

1, . . . , ξn)

∫

Ωk
αk ∧ "βk −→

∫

Ω̂
Φ→ [

αk
]
∧ Φ→ [

"βk
]

Versatile basis functions

• MSEM basis: Lagrange and edge polynomials
• Splines: B-splines & NURBS, polar splines,

hierarchical splines, approximate C1 space,
tensor-product spaces using these functions.

• User-defined basis: polynomial, non-polynomial
(exponential and trigonometric functions).

Open to researchers and students

• Open source: MIT license
• Low access barrier high level API
• Performant low level API
• Expandable

FEATURES

Complex geometries

1D manifold 2D manifold 3D manifold

Manifolds

1D manifold in 3D 2D manifold in 3D

Mantis.jl handles manifolds
through parametric mappings
that define their metric. With
its differential geometric founda-
tion, operators are treated uni-
formly across any metric, in
any dimension. For example,
the Laplace–Beltrami operator
on submanifolds needs no special
treatment.

Manifolds embedded in higher dimensions

Mantis.jl represents manifolds through mappings

Φ : Ω̂ ⊂ Rn "−→ Rm, n ≤ m,

where Φ is injective, continuous, and element-wise differentiable.
Departing from traditional FEM libraries that rely on the Jacobian, J ,
Mantis.jl adopts a differential geometric approach: metric tensor g = JᵀJ ,
pullbacks Φ∗, and pushforward Φ∗.
This enables PDEs to be pulled-back and solved intrinsically on the parametric
manifold with the metric induced by the mapping and then pushed-forward.

• Dimension-agnostic design: the same machinery works for curves, sur-
faces, and volumes in arbitrary embedding dimensions.

• Exact geometric compatibility: using pullbacks/pushforwards ensures
transformations of fields respect their geometric nature (scalar, vector, k-
form).

• Intrinsic formulation: geometry is expressed through the metric tensor,
so PDEs are posed intrinsically without dependence on embedding choices.

• High-order geometry: by allowing mappings as FEM fields of analytical
expressions, Mantis.jl naturally supports high-order curved geometries.

• Structure-preserving: the metric-based formulation aligns with FEEC
and guarantees consistency of operators across geometries.

Basis functions

0-forms base function 1-form bases functions: dξ (up), dη (down) 2-form base function: dξ ∧ dη

Non-hierarchical bases

Truncated hierarchical bases Hierarchical mesh Non-truncated hierarchical bases

Hierarchical bases

Computations in Mantis.jl can be performed using a wide variety of discrete
differential form spaces. These include standard finite elements differential
forms with the lowest regularity, but also several generalizations. The under-
lying meshes are assumed to be composed of cuboidal elements, with support
for simplicial elements planned for the future.

• Univariate discrete differential forms:
– mimetic finite element spaces
– polynomial B-splines
– multi-degree B-splines
– generalized B-splines (e.g., trigonometric, exponential)

• Multivariate extensions through tensor products: All form spaces
can be combined with each other through tensor products to create new
form spaces in higher dimensions.

• Unstructured multivariate extensions: Mantis.jl allows users to im-
plement their own form spaces through an extraction-based interface. This
enables simulations on complex geometries. Polar and toroidal splines for
axisymmetric domains, and approximate C1 splines are included in the
library.

• Hierarchical bases: Form spaces in Mantis.jl can be locally refined
using a hierarchical approach, thus enabling adaptive simulations. Both
truncated and non-truncated hierarchical bases are supported.

EXAMPLE OF USAGE

Hodge-Laplace problem

{
d∗dφ0 = −f0 on Ω

tr(φ0) = 0 on ∂Ω

Given f0 ∈ L2Λ0(Ω), find φ0 ∈ Λ0h(Ω) such that
∫

Ω
dψ0∧$dφ0 =

∫

Ω
ψ0∧$f0 ∀ ψ0 ∈ Λ0h,0(Ω)

Define the continuous weak problem

1 import Mantis

2
3 starting_point = (0.0, 0.0)

4 box_size = (0.5, 0.5)

5 num_elements = (10, 10)

6 cartesian_geo = Mantis.Geometry.create_cartesian_box(

7 starting_point, box_size, num_elements

8 )

9 geometry = cartesian_geo

Map
Geometry

1 function mapping(x::AbstractVector)

2 # Define the mapping

3 return [Φ[k](x[1], x[2]) for k in 1:3]

4 end

5 function dmapping(xi::AbstractVector)

6 # Define the Jacobian of the mapping: J

7 return [J[k,j][x[1], x[2]] for k in 1:3, j in 1:2]

8 end

9 # Define the mapped geometry

10 dimension = (2, 3) # 2-manifold in R^3

11 curved_mapping = Mantis.Geometry.Mapping(dimension,

12 mapping, dmapping)

13 geometry = Geometry.MappedGeometry(cartesian_geo,

14 curved_mapping)

Mantis.jl generates geometries with identical interfaces. For example, for
the solver, a 2D Cartesian geometry is indistinguishable from a geometry
representing a curved 2D manifold embedded in R3. The same applies for
a 3D manifold (geometry).

Define the geometry

1 # Create a FEM function space for the 0-forms

2 p = (3, 3) # polynomial degree 3 in both directions

3 k = (2, 2) # maximal smoothness in both directions

4 B = Mantis.FunctionSpaces.create_bspline_space(

5 starting_point,

6 box_size,

7 num_elements,

8 p,

9 k,

10 )

11 # Create the 0-form function space combining

12 # - FEM space

13 # - Geometry

14 Λ_0 = Mantis.Forms.FormSpace(0, geometry, (B,), "Λ_0")

Hierarchical
spaces

de Rham
complex

1 # Hierarchical parameters.

2 truncate = true # true = THB, false = HB

3 num_sub = (2, 2) # Subdivisions per dim per step.

4
5 H = Mantis.Forms.create_hierarchical_de_rham_complex(

6 geometry, p, k, num_sub, truncate)

7 Λ_0 = H[0] # Use 0-form space

Mantis.jl can generate individual form spaces from FEM spaces, but it is
also possible to generate all spaces associated to a discrete de Rham com-
plex. As for geometries, form spaces share the same interface for the as-
sembly step, allowing for easy interchange of spaces (e.g., non-hierarchical
and hierarchical).

Define form spaces

1 ∧ = Mantis.Forms.wedge

2 ⋆ = Mantis.Forms.hodge

3 function zero_form_hodge_laplacian(inputs, element_id)

4 qnodes = Mantis.Quadrature.get_nodes(inputs.quad_rule)

5 qweights = Mantis.Quadrature.get_weights(

6 inputs.quad_rule)

7
8 ψ⁰ = inputs.space_test

9 dψ⁰ = Mantis.Forms.exterior_derivative(ψ⁰)

10 dϕ⁰ = Mantis.Forms.exterior_derivative(

11 inputs.space_trial)

12
13 wedgeA = dψ⁰ ∧ ⋆dϕ⁰

14 wedge_A, Ainds = Mantis.Forms.evaluate(wedgeA,

15 element_id, qnodes)

16 # - Computation of row and column indices redacted. -

17 Av = vec(sum(qweights .* wedge_A[1]; dims=1))

18
19 wedgeb = ψ⁰ ∧ ⋆inputs.forcing

20 wedge_b, br = Mantis.Forms.evaluate(wedgeb,

21 element_id, qnodes)

22 bv = vec(sum(qweights .* wedge_b[1]; dims=1))

23
24 return (Ar, Ac, Av), (br[1], bv)

25 end

Assemble

Solve

1 # Set essential boundary conditions

2 bc_dirichlet = Dict(Mantis.Assemblers.get_trace_dofs(B)

3 .=> 0.0)

4
5 # Assemble system

6 lhs, rhs = Mantis.Assemblers.assemble(

7 zero_form_hodge_laplacian, wfi, bc_dirichlet)

8
9 # Solve

10 ϕ⁰ = Mantis.Forms.FormField(Λ⁰, "ϕ⁰")

11 ϕ⁰.coefficients .= lhs \ rhs

Solution on the square manifold.

Solution on the bumpy torus.

Weak form, assembly, and solution

NEAR FUTURE DEVELOPMENTS

• Automatic support for boundary conditions and general topologies.
• Generalization to tensor-valued forms and operators.
• Support for hybridized finite elements.
• Support for parallel computations.

• Aiming for public access this year.
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GOALS AND MOTIVATION

Mantis.jl is a general-purpose, open-source finite element (FEM) library written in
Julia. Its goal is to provide high-performance implementations of structure-preserving
discretisations of PDEs, while maintaining an accessible, high-level interface. By
leveraging Julia, the library avoids the pitfalls of the traditional two-language approach,
where prototyping and production code are separated.

Unlike standard FEM libraries built around vector calculus, Mantis.jl is grounded
in differential geometry. Core operators include the exterior derivative, Hodge-!,
pullback, pushforward, and musical maps, offering a natural framework for developing
structure-preserving methods. Geometries are represented abstractly, allowing PDEs to
be solved on manifolds of arbitrary dimension.

The library supports a wide variety of high-order basis functions and offers flexibility
to construct new ones, enabling users to design custom discretisations. Together, these
features make Mantis.jl a versatile platform for building FEM tools and for exploring
novel geometric and structure-preserving approaches to numerical simulation.

Mantis.jl

Differential geometry
• Forms of all ranks: α0, β1, . . . , γk, . . . ,σn

• Dimension independent: n = 1, 2, 3 (next 4D
space-time)

• Differential geometry operators implemented
d, %,→,Φ→,Φ→, &

• Composition of operations
%dαk,αk1 → %dαk2 → αkm

• Discrete de Rham complexes
0 → Λ0

h
d−→ Λ1

h
d−→ Λ2

h
d−→ Λ3

h → 0

Complex geometries
• Analytical expressions
• Function spaces
• Cuboidal mesh elements

Ω̂

Ωk
Φk(ξ

1, . . . , ξn)

∫

Ωk
αk ∧ "βk −→

∫

Ω̂
Φ→ [

αk
]
∧ Φ→ [

"βk
]

Versatile basis functions

• MSEM basis: Lagrange and edge polynomials
• Splines: B-splines & NURBS, polar splines,

hierarchical splines, approximate C1 space,
tensor-product spaces using these functions.

• User-defined basis: polynomial, non-polynomial
(exponential and trigonometric functions).

Open to researchers and students

• Open source: MIT license
• Low access barrier high level API
• Performant low level API
• Expandable

FEATURES

Complex geometries

1D manifold 2D manifold 3D manifold

Manifolds

1D manifold in 3D 2D manifold in 3D

Mantis.jl handles manifolds
through parametric mappings
that define their metric. With
its differential geometric founda-
tion, operators are treated uni-
formly across any metric, in
any dimension. For example,
the Laplace–Beltrami operator
on submanifolds needs no special
treatment.

Manifolds embedded in higher dimensions

Mantis.jl represents manifolds through mappings

Φ : Ω̂ ⊂ Rn "−→ Rm, n ≤ m,

where Φ is injective, continuous, and element-wise differentiable.
Departing from traditional FEM libraries that rely on the Jacobian, J ,
Mantis.jl adopts a differential geometric approach: metric tensor g = JᵀJ ,
pullbacks Φ∗, and pushforward Φ∗.
This enables PDEs to be pulled-back and solved intrinsically on the parametric
manifold with the metric induced by the mapping and then pushed-forward.

• Dimension-agnostic design: the same machinery works for curves, sur-
faces, and volumes in arbitrary embedding dimensions.

• Exact geometric compatibility: using pullbacks/pushforwards ensures
transformations of fields respect their geometric nature (scalar, vector, k-
form).

• Intrinsic formulation: geometry is expressed through the metric tensor,
so PDEs are posed intrinsically without dependence on embedding choices.

• High-order geometry: by allowing mappings as FEM fields of analytical
expressions, Mantis.jl naturally supports high-order curved geometries.

• Structure-preserving: the metric-based formulation aligns with FEEC
and guarantees consistency of operators across geometries.

Basis functions

0-forms base function 1-form bases functions: dξ (up), dη (down) 2-form base function: dξ ∧ dη

Non-hierarchical bases

Truncated hierarchical bases Hierarchical mesh Non-truncated hierarchical bases

Hierarchical bases

Computations in Mantis.jl can be performed using a wide variety of discrete
differential form spaces. These include standard finite elements differential
forms with the lowest regularity, but also several generalizations. The under-
lying meshes are assumed to be composed of cuboidal elements, with support
for simplicial elements planned for the future.

• Univariate discrete differential forms:
– mimetic finite element spaces
– polynomial B-splines
– multi-degree B-splines
– generalized B-splines (e.g., trigonometric, exponential)

• Multivariate extensions through tensor products: All form spaces
can be combined with each other through tensor products to create new
form spaces in higher dimensions.

• Unstructured multivariate extensions: Mantis.jl allows users to im-
plement their own form spaces through an extraction-based interface. This
enables simulations on complex geometries. Polar and toroidal splines for
axisymmetric domains, and approximate C1 splines are included in the
library.

• Hierarchical bases: Form spaces in Mantis.jl can be locally refined
using a hierarchical approach, thus enabling adaptive simulations. Both
truncated and non-truncated hierarchical bases are supported.

EXAMPLE OF USAGE

Hodge-Laplace problem

{
d∗dφ0 = −f0 on Ω

tr(φ0) = 0 on ∂Ω

Given f0 ∈ L2Λ0(Ω), find φ0 ∈ Λ0h(Ω) such that
∫

Ω
dψ0∧$dφ0 =

∫

Ω
ψ0∧$f0 ∀ ψ0 ∈ Λ0h,0(Ω)

Define the continuous weak problem

1 import Mantis

2
3 starting_point = (0.0, 0.0)

4 box_size = (0.5, 0.5)

5 num_elements = (10, 10)

6 cartesian_geo = Mantis.Geometry.create_cartesian_box(

7 starting_point, box_size, num_elements

8 )

9 geometry = cartesian_geo

Map
Geometry

1 function mapping(x::AbstractVector)

2 # Define the mapping

3 return [Φ[k](x[1], x[2]) for k in 1:3]

4 end

5 function dmapping(xi::AbstractVector)

6 # Define the Jacobian of the mapping: J

7 return [J[k,j][x[1], x[2]] for k in 1:3, j in 1:2]

8 end

9 # Define the mapped geometry

10 dimension = (2, 3) # 2-manifold in R^3

11 curved_mapping = Mantis.Geometry.Mapping(dimension,

12 mapping, dmapping)

13 geometry = Geometry.MappedGeometry(cartesian_geo,

14 curved_mapping)

Mantis.jl generates geometries with identical interfaces. For example, for
the solver, a 2D Cartesian geometry is indistinguishable from a geometry
representing a curved 2D manifold embedded in R3. The same applies for
a 3D manifold (geometry).

Define the geometry

1 # Create a FEM function space for the 0-forms

2 p = (3, 3) # polynomial degree 3 in both directions

3 k = (2, 2) # maximal smoothness in both directions

4 B = Mantis.FunctionSpaces.create_bspline_space(

5 starting_point,

6 box_size,

7 num_elements,

8 p,

9 k,

10 )

11 # Create the 0-form function space combining

12 # - FEM space

13 # - Geometry

14 Λ_0 = Mantis.Forms.FormSpace(0, geometry, (B,), "Λ_0")

Hierarchical
spaces

de Rham
complex

1 # Hierarchical parameters.

2 truncate = true # true = THB, false = HB

3 num_sub = (2, 2) # Subdivisions per dim per step.

4
5 H = Mantis.Forms.create_hierarchical_de_rham_complex(

6 geometry, p, k, num_sub, truncate)

7 Λ_0 = H[0] # Use 0-form space

Mantis.jl can generate individual form spaces from FEM spaces, but it is
also possible to generate all spaces associated to a discrete de Rham com-
plex. As for geometries, form spaces share the same interface for the as-
sembly step, allowing for easy interchange of spaces (e.g., non-hierarchical
and hierarchical).

Define form spaces

1 ∧ = Mantis.Forms.wedge

2 ⋆ = Mantis.Forms.hodge

3 function zero_form_hodge_laplacian(inputs, element_id)

4 qnodes = Mantis.Quadrature.get_nodes(inputs.quad_rule)

5 qweights = Mantis.Quadrature.get_weights(

6 inputs.quad_rule)

7
8 ψ⁰ = inputs.space_test

9 dψ⁰ = Mantis.Forms.exterior_derivative(ψ⁰)

10 dϕ⁰ = Mantis.Forms.exterior_derivative(

11 inputs.space_trial)

12
13 wedgeA = dψ⁰ ∧ ⋆dϕ⁰

14 wedge_A, Ainds = Mantis.Forms.evaluate(wedgeA,

15 element_id, qnodes)

16 # - Computation of row and column indices redacted. -

17 Av = vec(sum(qweights .* wedge_A[1]; dims=1))

18
19 wedgeb = ψ⁰ ∧ ⋆inputs.forcing

20 wedge_b, br = Mantis.Forms.evaluate(wedgeb,

21 element_id, qnodes)

22 bv = vec(sum(qweights .* wedge_b[1]; dims=1))

23
24 return (Ar, Ac, Av), (br[1], bv)

25 end

Assemble

Solve

1 # Set essential boundary conditions

2 bc_dirichlet = Dict(Mantis.Assemblers.get_trace_dofs(B)

3 .=> 0.0)

4
5 # Assemble system

6 lhs, rhs = Mantis.Assemblers.assemble(

7 zero_form_hodge_laplacian, wfi, bc_dirichlet)

8
9 # Solve

10 ϕ⁰ = Mantis.Forms.FormField(Λ⁰, "ϕ⁰")

11 ϕ⁰.coefficients .= lhs \ rhs

Solution on the square manifold.

Solution on the bumpy torus.

Weak form, assembly, and solution

NEAR FUTURE DEVELOPMENTS

• Automatic support for boundary conditions and general topologies.
• Generalization to tensor-valued forms and operators.
• Support for hybridized finite elements.
• Support for parallel computations.

• Aiming for public access this year.
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