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What is structure?

Properties of a continuous mathematical-physical model that we want to mimic 
in a discrete sense 

● Conservation laws (primary and secondary)
● Symmetries
● Invariance and equivariance
● Symplecticity
● Variational principle
● Positivity, total variation, maximum principle
● Lake at rest, pressure equilibrium
● ODE and DAE structure



Symmetries of the NS equations

PDE symmetries (Lie groups):
● Time translation
● Rotation
● Reflection
● Generalized Galilean transformation
● Pressure translation
● Scaling transformation



Symmetries in the NS equations

Symmetries of individual terms:

● Skew-symmetry

● Symmetry

● Div-grad 

Energy equality:



Symmetry-preserving discretization of NS

● Symmetries to be kept during discretization
(in space and time)

● Discrete energy equality -> stability
independent of mesh or time step

● Generalization to compressible flows via 
entropy functions



Simulating all scales is unfeasible 

500 million DOFs ….…



Urgent need for reduced models

● Projection-based approaches  
○ Reduced-order models (ROMs)
○ Learn a basis based on DNS snapshots
○ Project equations on linear/non-linear manifold
○ => Stability / accuracy problem 

● Filtering-based approaches 
○ Large-eddy simulation
○ Remove small scales with filter
○ Learn effect of small-scale physics (closure problem)
○ => Stability / accuracy problem



Filtering the Navier-Stokes equations

Filtered DNS
coarse grid
affordable

equations unclosed

DNS
fine grid

expensive
equations known 

Filter
LES

coarse grid
affordable

closure model



Filtering the Navier-Stokes equations

LES closure model

Functional models Structural models

Scale-similarity
Gradient model

Smagorinsky
Dynamic 

Smagorinksy
WALE

Vreman

Mixed models

Neural networks?



Neural closure models suffer from instability

NN closure models are unstable

DNS: LES:



1. Change equation form: energy-stable closure

2. Change filter: discretization-consistency

3. Change NN architecture: preserve symmetries

Accuracy and stability with structure preservation

Hard 
constraints

4. Change loss function: a-posteriori learning (trajectory fitting)

5. Regularize through noise: stochastic differential equations

Soft 
constraints



1. Energy-stable closure

Energy of large scales is 
not conserved



1. Energy-stable closure

Extended neural closure model

Skew-symmetric “matrix”       leads to 
exact energy conservation:

Energy stability independent of neural 
network parameters or architecture



2. Discretization-consistent filters

Filter

DiscretizeDiscretize

DNS LES

Possible 
inconsistency

Filter unknown



2. Consistent filters via “discretize first”

Discretize

Filter

● Consistency between training data and 
prediction environment

● Neural networks work on discrete data
● Incorporates discretization errors
● Easier to handle boundary conditions

DNS LES



2. Consistent filters via “discretize first”

Discretize: FVM, staggered grid
Exact divergence-freeness

Face-averaging filter
(divergence-preserving)

Closure model is divergence-free!

Energy 
consistency



2. Discretization-consistent filters

Face-averaging filter Standard (volume-averaging) filter

Stable results, even 
with a-priori training 



3. Change the neural network

● Symmetries can be incorporated into NNs:
○ Group-equivariant CNNs
○ Tensor-basis NNs
○ Graph NNs

● Many open questions
○ Which symmetries are most important?
○ How to link symmetry to (numerical) stability?



4. Change the loss function

a-priori: derivative fitting a-posteriori: trajectory fitting

Requires Requires 



● Consistent training data requires precise knowledge of discretization and filter
● Discretization also induces a filter, or: a grid filter induces a discretization

● Through this viewpoint, FVM and LES both feature a closure term

LES: 

FVM:

FVM-LES:

4. Discretization-consistent loss function

exact training target



● Discretization-consistent training target is non-local & 
non-symmetric

○ -> Important implications for closure model form

● Machine precision errors in DNS-aided LES

4. Discretization-consistent loss function



5. From ODEs to SDEs

Why probabilistic / stochastic?
● Model reduction leads to stochasticity 

(Mori-Zwanzig).

● Turbulence is chaotic. Interested in statistics.

● Effect of non-uniqueness.

● Uncertainty quantification.

● Regularize and stabilize.



5. From ODEs to SDEs



Stochastic forecasting through generative models

● Sample ensemble

● Each time step, solve an SDE 
in pseudo-time

● Need to find drift + diffusion 

Generative modeling
= 

Finding SDEs



Denoising diffusion probabilistic models (DDPMs)

● Use SDE toolbox from Gen. AI!
● “Score matching” [1]:

Learn SDE to generate images 
from noise

Issue: DDPMs are not physical
● Maps back and forth to Gaussians
● Infinite-time process
● f and g are given; score function 

needs to be learned

[1] Song, Yang, and Ermon. "Generative modeling by estimating gradients of the data distribution." Advances in neural information processing systems 32 (2019).



Stochastic interpolants (SI [1])

Stochastic interpolants:
● Interpolate between images 
● Related to flow matching [2]

Advantages:
● Base distribution can be “anything”
● Reach the target distribution in finite time
● Diffusion term can be chosen after training

[1] Albergo, Michael S., Nicholas M. Boffi, and Eric Vanden-Eijnden. "Stochastic interpolants: A unifying framework for flows and diffusions." arXiv:2303.08797 (2023).
[2] Y. Lipman, M. Tancik, and J. Lu, Flow matching for generative modelling, arXiv:2210.02747, 2022.



● Define an interpolant between base and target 
distributions

● The drift is found by minimizing the loss function:

The stochastic interpolant

Stochastic interpolant

Neural network Interpolant derivative



Vanilla stochastic interpolant results

Ground truth 
(filtered DNS)

Vanilla SIs have unphysical 
energy behavior

Example realizations



Structure-preserving SI

● Should not enforce energy stability on 
individual trajectories

○ Flow only statistically energy stable

● Idea: tune the           coefficients for energy 
consistency:

Desired rate of changeNeed Ito’s lemma



Optimized stochastic interpolant results

Significant improvement in 
energy behavior

training extrapolation



Conclusions

● Stable and accurate closure models without a-posteriori or reinforcement 
learning

1. Auxiliary variables (energy stability)
2. Discretization-consistency: filter and loss function
3. Stochastic models – use gen. ML tools - towards probabilistic LES

● Preserving symmetries (equivariance) helps in generalization and reducing 
required training data

● Read Pope’s work



Outlook

● Generalizability – high 
Reynolds numbers, where 
there is no DNS training data

● Online model calibration 
(data assimilation) –
experimental data


