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Our interests

◮ Turbulence

◮ High-speed flows
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Fluid turbulence

◮ Fluid turbulence: ’cahotic’ behavior of Navier-Stokes equations at

’high’ Reynolds number
◮ Reynolds number : inertial / viscous forces

Re =
Uℓ0
ν

◮ Richardson cascade

◮ Kolmogorov length scale

η = (ν3/ε)1/4
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Direct numerical simulation (DNS)

◮ Ratio of integral-to-dissipative scale

ℓ0
η

∼ Re3/4

◮ By definition, DNS should resolve all energetically relevant flow

scales

◮ Mesh spacings in proportion to Kolmogorov length scale

◮ Estimated number of grid points (in 3D!)

N ∼ Re9/4

◮ Flows of engineering interest have Re = 103 − 1010

◮ Estimated computational effort

FLOPS ∼ Re12/4
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DNS and supercomputers

◮ Huge amount of memory and floating-point operations

◮ Pace set by computer power growth
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Timeline - DNS of turbulent pipe flow
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◮ Exponential progress in time

◮ Expecting to reach Reτ ≈ 30, 000 before 2030
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Turbulence and shock waves

M1 λ1

δ
◮ Estimate of shock

thickness (Mahesh

et al. 96)

δ

λ1
≈

5.1

Reλ

Mt

M1 − 1

Rλ >> 1

Mt = urms/c1 << 1

δ

λ1
<< 1

Conclusion: shocks cannot be resolved!
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Our requirements

Numerical schemes for DNS of compressible flow must be

◮ Efficient (billions of grid points)

◮ Accurate (turbulence does not forgive numerical errors)

◮ Robust (shocks are not resolved -> Gibbs phenomenon)

◮ Handle "complex" geometries (aircraft is the benchmark)
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Early work (late 90s)

◮ Interest was rising on STI and

SBLI

◮ CAA was in its early days

◮ Study prototype problems:

shock/vortex, shock/sound,

shock/entropy interactions

◮ FV schemes were used in the

compressible flow community
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WENO schemes

◮ ENO schemes became popular

in the 90’s

◮ Paper by Jiang & Shu (1996)

came in

◮ High-order was the keyword
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WENO schemes

◮ ENO schemes became popular

in the 90’s

◮ Paper by Jiang & Shu (1996)

came in

◮ High-order was the keyword

◮ Chi-Wang Shu in Rome: better

move to FD
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Early DNS

◮ DNS limited to incompressible

flow

◮ Isotropic

turbulence (Blaisdell et al., 1996)

◮ Some early attempts based on

temporal

approach (Guarini et al., 2000)

◮ Developed my own DNS

(WENO-based) solver
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DNS of SBLI

◮ DNS with shocks

◮ SBLI prototype problem

◮ First DNS of SBLI

◮ VERY slow!
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Can we do better?

◮ Problems with LES

◮ Start searching "old" papers
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Can we do better?

◮ Problems with LES

◮ Start searching "old" papers

◮ Feiereisen et al. (1981)

◮ Blaisdell et al. (1996)

◮ Kennedy & Gruber (2008)
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Energy consistency

◮ FD discretization of mass and momentum equations

dρj
dt

+DS (ρu)j = 0

d(ρu)j
dt

+DS

(

ρu2
)

j
+Dpj = 0

DS denotes suitable approximation of the convective derivatives

◮ Convective derivatives can be expressed as

∂ρuϕ

∂x

where ϕ = 1 for continuity and ϕ = u for momentum

◮ Discrete energy consistency can be achieved by expanding the convective

derivative
∂ρuϕ

∂x
=

1

2

∂ρuϕ

∂x
+

1

2
ϕ
∂ρu

∂x
+

1

2
ρu

∂ϕ

∂x
◮ ... and applying a SBP discretization to each term

DS(ρuϕ)j =
1

2
D (ρuϕ)j +

1

2
ϕj D (ρu)j +

1

2
ρjujDϕj
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SBP operators

◮ Integration by parts
∫ b

a

(

v
∂w

∂x
+ w

∂v

∂x

)

dx = − [vw]ba

◮ Summation-by-parts (SBP)

h

N
∑

1

(VjDWj +WjDVj) = − (VNWN − V1W1)

◮ Any Cn operator is SBP in periodic domains

◮ More cumbersome to build SBP operators in finite domains
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◮ Discrete total kinetic energy

K =
h

2

N
∑

j=1

ρju
2
j =

h

2

N
∑

j=1

(ρu)2j
ρj

◮ Combine mass and momentum equations

dK

dt
=

h

2

N
∑

j=1

(

−2ujDS(ρu
2)j − 2ujDpj + u2

jDS(ρu)j
)

◮ Use expanded form of convective derivative

dK

dt
=

h

2

N
∑

j=1

[

−uj

(

D(ρu2)j + ujD(ρu)j + ρjujDuj

)

+ u2
jD(ρu)j − 2ujDpj

]

=

h

2

N
∑

j=1

[

−ujD(ρu2)j − ρju
2
jDuj − 2ujDpj

]

◮ Assume D ∈ SBP

dK

dt
= −(ρNu3

N/2 + pNuN ) + (ρ1u
3
1/2 + p1u1) + h

N
∑

j=1

pjDuj

which proves discrete conservation of K.
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A new splitting

◮ Splitting of convective terms (ϕ = 1, ui, H)

Feiereisen et al. (1981)

∂ρujϕ

∂xj
=

1

2

∂ρujϕ

∂xj
+

1

2
ϕ

∂ρuj

∂xj
+

1

2
ρuj

∂ϕ

∂xj

Blaisdell et al. (1996)

∂ρujϕ

∂xj
=

1

2

∂ρujϕ

∂xj
+

1

2
uj

∂ρϕ

∂xj
+

1

2
ρϕ

∂uj

∂xj

Pirozzoli (2010)

∂ρujϕ

∂xj
=

1

4

∂ρujϕ

∂xj
+

1

4

(

uj
∂ρϕ

∂xj
+ ρ

∂ujϕ

∂xj
+ ϕ

∂ρuj

∂xj

)

+
1

4

(

ρuj
∂ϕ

∂xj
+ ρϕ

∂uj

∂xj
+ ujϕ

∂ρ

∂xj

)

◮ Replace ∂/∂xj with D ∈ SBP yields discrete kinetic energy

preservation, if applied to both mass and momemtum eqn
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Locally conservative formulation

◮ Look for numerical conservative flux f̂j+1/2

∂ρuϕ

∂x

∣

∣

∣

∣

x=xj

≈
1

h
(f̂j+1/2 − f̂j−1/2)

◮ Assume general Cn operator (n = 2L)

◮ Arrive (...) to (Pirozzoli, JCP 2010)

f̂j+1/2 = 2
L
∑

ℓ=1

aℓ

ℓ−1
∑

m=0

(ρ̃, u, ϕ)j−m,ℓ, (ρ̃, u, ϕ)j,ℓ =
1

8
(ρj + ρj+ℓ)(uj + uj+ℓ)(ϕj + ϕj+ℓ)

◮ For n = 2
f̂j+1/2 =

(ρj + ρj+1)

2

(uj + uj+1)

2

(ϕj + ϕj+1)

2

◮ Primary conservation properties automatically follow

◮ Easy hybridization with shock-capturing schemes
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Euler turbulence, Mt = 0.07

◮ Under-resolved simulations on 323 grid at ν = 0

◮ Divergence form with C6 and UW7

◮ Energy-consistent form with C6

0 10 20 30 40
0

0.5

1

1.5

2

DIV­C6

DIV­UW7
SPLIT­KG C6

K
/K

0

t/τ
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Time reversibility test

◮ Taylor-Green flow

u = u0 sin (k0 x) cos (k0 y) cos (k0 z)

v = −u0 cos (k0 x) sin (k0 y) cos (k0 z)

w = 0

◮ Velocity vectors reversed at

t = 8.0

u(t,x) ⇒ −u(−t,x)

◮ Energy-consistent discretization
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Time reversibility test

◮ Taylor-Green flow

u = u0 sin (k0 x) cos (k0 y) cos (k0 z)

v = −u0 cos (k0 x) sin (k0 y) cos (k0 z)

w = 0

◮ Velocity vectors reversed at

t = 8.0

u(t,x) ⇒ −u(−t,x)

◮ Non-conservative discretization

(DNSFoam)
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Boundary layers

◮ Much greater efficiency

◮ Start of PRACE HPC initiative

◮ Could use for first time billions of

grid points

◮ Reach Reτ ≈ 4000
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TBL at M = 2, Reτ = 4000 - side view
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TBL at M = 2, Reτ = 4000 - wall-parallel plane
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Shock-boundary layer interactions

◮ Hybridization with WENO

schemes

◮ Retain computational efficiency

of baseline solver

◮ Could use billions of grid points

for very long time integration

(low-frequency dynamics)
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Normal shock/boundary layer interaction M = 1.3
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Numerical boundary conditions

◮ Behavior of non-dissipative solvers strongly dependent on quality of

numerical boundary conditions (NBC)

◮ Soft NBC enforcement fundamental to avoid appearance of

saw-tooth waves

◮ Stimulate incoming disturbances with good fidelity and no spurious

‘noise’

◮ Characteristic decomposition -> LODI approach (Poinsot & Lele JCP

1992)
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One-dimensional characteristic projection

◮ Project in normal-to-boundary direction (say x)

∂u

∂t
+

∂f

∂x
=

∂u

∂t
+RxL = C, L = ΛxLx

∂u

∂x

◮ Wave decomposition: incoming + outgoing

L = L
o +L

i = Λ
o
xLx

∂u

∂x
+Λ

i
xLx

∂u

∂x

◮ Discretization

L ≈ Λ
o
xLxDuub + nxΛ

i
xLxP

vg − vb

∆

b g
∆
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Semidiscrete ODE system

◮ Return to conservative variables

dub

dt
= −RxΛ

o
xLxDuub + nxRxΛ

i
xLxP

(vb − vg)

∆
+Cb

◮ In terms of characteristic variables

dwb

dt
= −Λ

o
xDuwb + nxΛ

i
x

(wb −wg)

∆
+ LxbCb

◮ Akin to addition of a relaxation term

◮ Reminds of previous, primitive-based relaxation techniques (e.g.

Rudy & Strikwerda JCP 1980, Yoo et al. CTM 05, SBP-SAT)

◮ Characteristic-based relaxation yields substantial improvement in

terms of reflection and response to incoming disturbances (Pirozzoli

& Colonius, JCP 2013)
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Advection of cylindrical vortex
M0 = 0.3, Mv = 0.4

Pressure-based relaxation

Characteristic-based relaxation
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Advection of cylindrical vortex
r.m.s. vertical velocity

M0 = 0.3, Mv = 0.1
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Numerical tests

Sound generation from a cylinder
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Curvilinear coordinates
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Strong conservation form (Vinokur, 1974)

1

J

∂u

∂t
+

∂

∂ξj

(

fj

J

)

= 0, u =

[

ρ
ρui

ρE

]

, fj =

[

ρũj

ρuiũj + pJji
ρũjH

]

, i = 1, . . . , d

◮ ũj = Jjk uk contravariant velocity

◮ Jjk = ∂ξj/∂xk Jacobian matrix

◮ J = det(Jjk)
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Energy preservation (Pirozzoli, 2011)

◮ Split convective terms in generic transport equation (ϕ = 1, ui, H)

∂

∂ξj

(

ρũjϕ

J

)

=
1

4

∂ρûjϕ

∂ξj
+

1

4

(

ρ
∂ûjϕ

∂ξj
+ ûj

∂ρϕ

∂ξj
+ ϕ

∂ρûj

∂ξj

)

+
1

4

(

ρûj
∂ϕ

∂ξj
+ ρϕ

∂ûj

∂ξj
+ ûjϕ

∂ρ

∂ξj

)

with ûj = ũj/J

◮ Apply to each equation and discretize

◮ Total kinetic energy is preserved

K̂ =
1

2

∑

N

1

JN
(ρuiui)N
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Locally conservative form

duN

dt
= −JN

d
∑

j=1

(

f̂j;1/2 − f̂j;−1/2

)

N

(

f̂j;1/2

)

N

= 2

L
∑

ℓ=1

aℓ

ℓ−1
∑

m=0











(

ρ̃, ûj , 1
)

j;−m,ℓ
(

˜ρ, ûj , ui

)

j;−m,ℓ
+

(

˜p, Jji, 1
)

j;−m,ℓ
(

˜ρ, ûj , H
)

j;−m,ℓ











N

, i = 1, . . . , d
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Numerical test

Taylor-Green vortex on distorted mesh
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Flow over transonic airfoil

Numerical setup

◮ Mach number M0 = 0.7

◮ Incidence angle α = 4◦ − 7◦

◮ Reynolds number Rec = 3 · 105

◮ Grid ponts 4096× 512× 256
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Flow over transonic airfoil
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Flow over transonic airfoil

α = 4◦ α = 5◦

α = 6◦ α = 7◦
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The STREAmS solver
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Conclusions

◮ Energy preservation principles leveraged to achieve numerical

stability

◮ Shocks handled through hybridization with shock-capturing schemes

◮ Proper treatment of boundary conditions

◮ Can handle moderately complex geometries with use of curvlinear

coordinates

◮ "Almost" unbeatable computational efficiency
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